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Fig. 4. BER performance of the proposed differential modulation scheme
with different normalized Doppler frequencies, three relays, DQPSK modu-
lation, and Eb/N0 = 15 dB.

symbols (time-domain differential modulation) or on the adjacent
subcarriers of the same OFDM symbol (frequency-domain differential
modulation). Let xi(n), n = 0, 1, . . . , N − 1, be the modulated sym-
bol on the nth subcarrier in the ith OFDM symbol at the source, where
N is the number of subcarriers. For frequency-domain differential
modulation, xi(0) is the initial reference symbol with an average
power of Ps,1. All these N symbols in the ith OFDM symbol are
divided into B blocks, and each block consists of Q symbols. Here,
we assume that N = BQ. Similar to (2), the bth reference symbol in
the ith OFDM symbol is differentially encoded as

xi(bQ) = xi ((b − 1)Q)Si(bQ), b = 1, 2, . . . , B − 1 (31)

where Si(bQ) is the information symbol. Likewise, the normal sym-
bols are encoded as

xi(bQ+q)=

√
Ps,2

Ps,1

xi(bQ)Si(bQ+q), q=1, 2, . . . , Q−1. (32)

The differential detection and power allocation can also be per-
formed in a similar way as described in Sections IV and V.

VII. CONCLUSION

We proposed a GDM scheme for wireless relay networks with AF
relaying. We investigated the optimal power allocation among the
reference symbol and the normal symbols to maximize the output
SNR. The proposed scheme with a block length of 256 provided a
2.5-dB performance improvement at a BER of 10−3 over the con-
ventional scheme in slow Rayleigh fading channels. This differential
modulation scheme can readily be extended to wireless relay networks
with DF relaying or distributed space–time coding.
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Algebraic Multiuser Space–Time Block
Codes for a 2 × 2 MIMO
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Abstract—We focus on multiuser space–time block codes (STBCs) for a
2 × 2 multiple-input–multiple-output (MIMO) uplink transmission. Based
on full-diversity algebraic rotations, we propose a family of multiuser
STBCs constructed to minimize a truncated union-bound (UB) approxi-
mation. The proposed codes do not incur in any peak-to-average penalty
and outperform all previously known multiuser STBCs.

Index Terms—Full-diversity algebraic rotation, multiple-input multi-
ple-output (MIMO), multiuser.
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I. INTRODUCTION

Space–time block codes (STBCs) have intensively been studied
for a single-user multiple-input multiple-output (MIMO). Recently,
Gartner and Bolcskei [1] extended the idea of a single-user STBC to
the multiuser case. An ad hoc example of a two-user 2 × 2 MIMO
STBC was given based on an Alamouti structure. Motivated by the
code design in [1], an algebraic construction of multiuser STBCs was
presented in [2] to achieve the diversity–multiplexing tradeoff for users
with a single transmit antenna (nt = 1) and any number of receive
antennas nr .

Another family of multiuser STBCs was proposed in [3], where the
design criteria were generalized for more than two users and based
on pairwise error probability analysis. However, these codes incur in
a large peak-to-average penalty since some elements in the codeword
matrices are zero.

In our paper, we consider a 2 × 2 multiuser MIMO over quasi-static
fading multiple-access channels (MACs). Unlike the multiuser codes
in [1] and [3], we propose the code design criteria based on a truncated
union-bound (UB) approximation. By exploiting the algebraic full-
diversity rotations [4], we show how to construct a family of STBCs for
any number of users to minimize the error probability of the truncated
UB, without the peak-to-average penalty of [3]. Within this family, we
present a code design example for a two-user 2 × 2 MIMO. Finally,
we show by simulation that the proposed codes outperform previously
known STBCs [1], [3].

Notations: Boldface letters are used for column vectors, whereas
capital boldface letters are used for matrices. Superscripts T and †

denote transposition and Hermitian transposition, respectively. Let Q

and C denote the field of rational and complex numbers, respectively.
The vec(·) operator stacks the m column vectors of an n × m complex
matrix into an mn column vector. Let ‖ · ‖ denote the Frobenius norm,
and let E[·] denote the mean of a random variable.

II. SYSTEM MODEL

We consider a synchronous quasi-static fading MIMO MAC, where
K users with nt transmit antennas simultaneously communicate with
a base station with nr receive antennas. For the kth user, let

s(k) Δ
=
[
s
(k)
1 , . . . , s

(k)
i , . . . , s

(k)
N

]T

∈ CN

be the information symbol vector of length N , where s
(k)
i , i=1,

. . . , N , denote independent information symbols drawn from some
complex quadratic-amplitude modulation (QAM) constellation.

The symbol vector s(k) is encoded with the kth user STBC Ck. This
produces the kth user codeword matrix Ck ∈ Cnt×N spanning over
N channel uses, which is defined as

Ck
Δ
=
[
c
(k)
1 , . . . , c

(k)
j , . . . , c(k)

nt

]T

∈ Ck

where c
(k)
j

Δ
= [c

(k)
j,1 , . . . , c

(k)
j,N ]T ∈ CN , and c

(k)
j,n denotes the space–

time block-coded symbol transmitted at the jth transmit antenna of
user k over the nth channel use. The aforementioned choice implies
that the users transmit at a rate of one symbol per channel use.

All K users are assumed to simultaneously transmit their codeword
matrices Ck, yielding the following ntK × N joint codeword matrix:

X = {xi,j} Δ
=
[
CT

1 , . . . ,CT
k , . . . ,CT

K

]T ∈ C (1)

where i = 1, . . . , ntK, j = 1, . . . , N , and C is the joint codebook.
In this paper, we assume that each user employs a linear STBC

[6, Definition 5], so that the elements c
(k)
j,n are linear combinations of

N complex QAM symbols.
At the receiver, the received signal matrix Y ∈ Cnr×N can be

written as

Y = HX + N (2)

where N ∈ Cnr×N is the complex white Gaussian noise with inde-
pendent identically distributed (i.i.d.) entries ∼NC(0, N0), and H ∈
Cnr×Knt is defined as

H =
[
H(1), . . . ,H(k), . . . ,H(K)

]
where H(k) Δ

= {H(k)
i,j } ∈ Cnr×nt denotes the channel matrix associ-

ated with the kth user, which is assumed to remain constant during
the transmission of a codeword and to take on independent values
from one codeword to another. The elements H

(k)
i,j are the channel

coefficients from the jth transmit antenna to the ith receive antenna
for user k and assumed to be i.i.d. circularly symmetric Gaussian
∼NC(0, 1). The channel matrices of all K users are assumed to
be perfectly known at the receiver, but not at the transmitter. At
the receiver, sphere decoding [10] is used to conduct the maximum-
likelihood decoding search.

III. NEW MULTIUSER STBCs

Let us consider all K users, assuming that a joint codeword
matrix X ∈ C is transmitted, it may occur that ‖Y −HX‖2 >

‖Y −HX̂‖2, with X �= X̂, resulting in a pairwise error. Let
X− X̂, with X �= X̂, be the joint codeword-difference matrix, and
let A

Δ
= (X− X̂)(X− X̂)† be the joint codeword-distance matrix.

Similarly, when only user k is in error, assuming that a codeword
matrix Ck ∈ Ck is transmitted and Ĉk is erroneously detected at the
receiver, we call Ck − Ĉk the user codeword difference matrix. The

corresponding user codeword distance matrix is defined as E(k) Δ
=

(Ck − Ĉk)(Ck − Ĉk)†. Let rk denote the minimum rank of E(k) for
all user codeword pairs in Ck. We will assume rk = min(nt, N) = r
for all k, i.e., all user codes have full rank.

If this full-rank condition holds for all K users, it is not guaranteed
that the joint code is also full rank. We say that a multiuser STBC is
jointly full rank if when all E(k) �= 0, then rank(A) = Kr. Note that
this property still holds for any subset of the K users. We will show in
the following how to design such codes.

A. Jointly Full-Rank Design

Here, we assume that there are K users and nr = 2 antennas
at the receiver. Each user employs nt = 2 transmit antennas. We
choose N = 2K channel uses so that the joint codeword matrix X ∈
CntK×N is a square matrix.

Given the kth user information symbol vector s(k), we use an
algebraic unitary matrix M with full diversity [5], [7] to generate

v(k) = Ms(k) =
[
v
(k)
1 , . . . , v

(k)
N

]T

, k = 1, . . . , K (3)

where the matrix M was originally given in [5] and [7]. The matrix M
is obtained from the canonical embedding of an integral basis {ωj},
j = 1, . . . , N , of an ideal of an algebraic number field L of degree N
over Q(i) [4]. Therefore, the matrix M guarantees the full-diversity
property of v(k), i.e., all the elements of v(k) are nonzero for any
nonzero information vector s(k) [4].

Then, the user codewords of the K users for a 2 × 2 MIMO are
generated in a cyclic order in (4), shown at the bottom of the next page,
where γ a complex number on the unit circle (i.e., |γ| = 1) to preserve
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a uniform transmitted power from each antenna [8]. In such a manner,
the code will not incur in a peak-to-average power penalty, since
all entries are nonzero with the same average power (see the design
example for details). The following two lemmas show how to further
select the parameter γ in the aforementioned code.

Lemma 1: For γ �= 1, the aforementioned user codes Ck are full
rank, (i.e., r = 2) for all K users. �

Proof: It is enough to show that the two rows of Ck are linearly
independent, which is equivalent to saying they cannot be scalar
multiples for any given nonzero information vector s(k). This is the
case due to the term γ �= 1, which multiplies a different number of
elements in each row. �

Lemma 2: Let N = ntk so that the joint codeword matrices x are
square. If γ is transcendental and γt �= 1 for t < n, then the multiuser
code C is jointly full rank. �

Proof: In this proof, we assume that the readers are familiar with
some basic algebraic number theory [4]. Looking at the structure of
the N × N square codeword matrix X, we note that the elements of
the lower triangular part are multiplied by γ. It can easily be verified
that the determinant of X is a polynomial pX(γ) in the variable γ by
using the well-known Laplace determinant expansion [9], i.e.,

pX(γ) = det(X) =
∑

π

sign(π)

N∏
i=1

xi,π(i)

where the sum runs over all the permutations π, and sign (π) is
the sign of the permutation [9]. Since the factor γ appears in the
lower triangular part of the matrix, this polynomial has a degree
N − 1. The coefficient of the term γN−1 is given by x1,N · x2,1 ·
x3,2 · · ·xN,N−1 �= 0. This is not zero due to the full-diversity rotation
in (3), which yields vectors v(k) with all nonzero entries. All the
coefficients of pX(γ) are generated from the full-diversity rotation
matrix M, and therefore, they are in the algebraic number field L,
as defined after (3).

It is well known that the roots of the polynomial equation pX(γ) =
0 are in some algebraic extension L′ of L of degree at most N − 1 [4].
For example, the polynomial equation x2 − 2 = 0 has coefficients in
the field L = Q and roots ±√

2 ∈ L′ = Q(
√

2), which is an algebraic
extension of degree 2 of Q. However, to obtain a full-diversity code, we
must have pX(γ) = det(X) �= 0 for any X, which can be guaranteed
by choosing γ not in the algebraic extension L′. This is simply
obtained by using a transcendental number γ, which, by definition,
does not belong to any finite algebraic extension. �

Note that Lemma 2 gives only a necessary condition, and some
specific algebraic number not belonging to L′ could also yield a jointly
full-rank multiuser code.

B. Design Criteria

To simplify analysis, we assume that the jointly full-rank multiuser
STBC is linear [6]. Then, the error probability of the multiuser MIMO
is upper bounded by the following UB [3]:

P (e) ≤
∑
X�=0

K∑
k=1

Ak∑
(i1,...,ik)

P (ei1 ∩ · · · ∩ eik
|X)

where ek represents the kth user error event, and the sum
∑Ak

(i1,...,ik)

is over all Ak
Δ
=
(

K
k

)
possible k-tuples of users in error. The k-tuple

(i1, . . . , ik) denotes the indices of k distinct users in error. Using the
Chernoff bound, we can upper bound each term in the aforementioned
UB P (e) with

P (ei1 ∩ · · · ∩ eik
|X) ≤

(
Es

N0

)−nrkr [
δ(i1,...,ik)(X)

]−nr (5)

where Es
Δ
= (1/KntN)

∑
i,j

E[|xi,j |2] is the average energy per
QAM information symbol, and

δ(i1,...,ik)(X)
Δ
= det

(
k∑

�=1

Ci�
C†

i�

)
(6)

are the joint determinants for the k-tuples (i1, . . . , ik). Let δ
(min)
k be

the corresponding minimum determinants δ(i1,...,ik)(X) among all the
k-tuples. Finally, we consider a truncated UB based only on the terms
corresponding to the minimum determinants δ

(min)
k , i.e.,

P (e) ≈
K∑

k=1

AkBkP
(

δ
(min)
k

)
where the AkBk is the total multiplicity of the term

P
(
δ
(min)
k

)
=
(

Es

N0

)−nrkr (
δ
(min)
k

)−nr

(7)

which represents the dominant error probability of a k-tuple of users.
In particular, Bk denotes the associate multiplicity of (7) for a
given Ak.

The codes designed in the previous section satisfy the following
lemma.

Lemma 3: Given the code (4), the determinants in (6) are all
nonzero. �

C1 =

[
v
(1)
1 v

(1)
2 · · · v

(1)
N

γv
(1)
N v

(1)
1 · · · v

(1)
N−1

]
C2 =

[
γv

(2)
N−1 γv

(2)
N · · · v

(2)
N−2

γv
(2)
N−2 γv

(2)
N−1 γv

(2)
N · · · v

(k)
N−3

]
...

. . .
. . .

Ck =

[
γv

(k)

N−(ntk−nt)+1 · · · γv
(k)
N · · · v

(k)

N−(ntk−nt)

γv
(k)

N−(ntk−nt)
γv

(k)

N−(ntk−nt)+1
· · · γv

(k)
N · · · v

(k)

N−(ntk−nt+1)

]
...

. . .
. . .

CK =

[
γv

(K)

N−(ntK−nt)+1
· · · γv

(K)
N · · · v

(K)

N−(ntK−nt)

γv
(K)

N−(ntK−nt)
γv

(K)

N−(ntK−nt)+1 · · · γv
(K)
N · · · v

(K)

N−(ntK−nt+1)

]
(4)
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TABLE I
COMPARISON OF MINIMUM DETERMINANTS WHEN ONE OR TWO USERS

ARE IN ERROR, ASSOCIATED MULTIPLICITIES, AND 4-QAM SIGNALING

Proof: Since the terms Ci�
C†

i�
in (6) are positive definite, we use

the determinant inequality

det

(
k∑

�=1

Ci�
C†

i�

)
≥

k∑
�=1

det
(
Ci�

C†
i�

)
> 0

where the determinants on the right-hand side are all greater than zero
due to Lemma 1. �

Hence, under the full-rank and linearity assumption, to minimize the
error probability P (e), we should design multiuser STBCs to

1) maximize the minimum determinants δ
(min)
k \ ∀k;

2) minimize the associated multiplicity AkBk.

C. Design Example

As an example, we consider K = 2 users, each of which employs a
2 × 2 MIMO over a quasi-static fading channel. The codeword matrix
of each user spans N = 4 channel uses using the following matrix:

M=

⎡⎢⎣0.26−0.31i 0.35−0.42i −0.42+0.51i −0.21+0.26i
0.26+0.09i 0.47+0.16i 0.16+0.05i 0.76+0.26i
0.26+0.21i −0.51−0.42i −0.42−0.36i 0.31+0.26i
0.26−0.76i −0.05+0.16i 0.16−0.47i −0.09+0.26i

⎤⎥⎦ .

(8)

We choose the transcendental number γ = exp(iλ) in Lemma 2,
where λ ∈ [0, π] is any rational number (the proof that γ is indeed
transcendental can be found in [8].

We conduct a search over the values of λ in steps of 0.1 to maximize
the minimum determinant δ

(min)
k ∀k and minimize the associated

multiplicity AkBk, with 4-QAM signaling. The choice of the step is
related to the sensitivity of the performance with respect to λ and is
based on experimental verification. We found that the best choice of
λ is 3 for 4-QAM signaling, and subsequently, we use this value for
16-QAM signaling. The resulting code is compared with previously
known codes in [1] and [3] in Table I for 4-QAM signaling. We note
that the proposed code and the known codes in [1] and [3] are “full-
rank” joint multiuser STBCs, i.e., rk = 2 and rank (A) = 4.

We see that when one user is in error (condition 1) and when both
users are in error (condition 2), the minimum determinants of our code
are the largest. In both conditions, the associated multiplicities of the
proposed code are significantly smaller than those of [1] and [3].

We compare the performance of the proposed code and the known
codes of [1] and [3] in Figs. 1 and 2, for 4-QAM and 16-QAM
signaling, respectively. In both figures, the error probability P (e) takes
into account the total number of errors of both users. The peak-signal-

to-noise ratio is defined as Peak−SNR
Δ
= ntEp/N0, where Ep =

maxi,j E[|xi,j |2] denotes the peak average energy of a transmitted
QAM symbol from one antenna. We have Ep = Es for the proposed
code and the one in [1], whereas Ep = 2Es for the code in [3], which
has some zero entries in the codewords.

In Fig. 1, we can see that at P (e) = 10−3, the proposed code
outperforms the codes of [1] and [3] by 0.2 and 3.1 dB, respectively.

Fig. 1. Comparison of the P (e) performance of the new code, known codes in
[1] and [3] (i.e., GB and ZL, respectively), 4-QAM signaling, and quasi-static
fading channel.

Fig. 2. Comparison of the P (e) performance of the new code, known codes
in [1] and [3], 16-QAM signaling, and quasi-static fading channel.

In Fig. 2, we observe that the proposed code outperforms the codes of
[1] and [3] by 0.6 and 3.6 dB, respectively.

IV. CONCLUSION

In this paper, we have proposed new algebraic multiuser 2 × 2
STBCs for quasi-static MIMO MACs based on full-diversity algebraic
rotations. For any number of users, we have shown how to design a
family of jointly full-rank STBCs to minimize the truncated UB. It has
been shown that the proposed multiuser STBCs do not incur in any
peak-to-average penalty while outperforming all previously known
codes.
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Koichi Ishihara, Member, IEEE, Yasushi Takatori, Member, IEEE,
Shuji Kubota, Member, IEEE, and Fumiyuki Adachi, Fellow, IEEE

Abstract—The multiuser multiple-input–multiple-output (MU-MIMO)
technique is an attractive candidate in improving spectrum efficiency.
However, in the uplink, the difference in the transmit timing among the
signals from multiple mobile terminals (MTs) becomes significant. If the
arrival timing difference among MTs exceeds the cyclic prefix (CP) length,
it is difficult to separate the signal of each MT, and the transmission quality
is severely degraded due to the effect of interblock interference (IBI).
In this paper, we propose a novel multiuser detection (MUD) technique
that can separate the signals, regardless of the arrival timing differences
between the MTs. The proposed MUD technique is performed in the
frequency domain by overlapping the fast Fourier transform (FFT) blocks,
and the technique can suppress the effect of the IBI while retaining a
low complexity level. The achievable bit error rate (BER) performance is
evaluated by computer simulation in a frequency-selective fading channel,
and the results confirm the effectiveness of the proposed technique.

Index Terms—Cyclic prefix (CP), multiuser detection (MUD), multiuser
multiple-input multiple-output (MU-MIMO).

Manuscript received March 3, 2008; revised August 18, 2008 and
December 1, 2008. First published January 13, 2009; current version published
May 29, 2009. This work was supported in part by the Ministry of Internal
Affairs and Communications, Japan, under “Research and Development of
Fundamental Technologies for Advanced Radio Frequency Spectrum Sharing
in Mobile Communication Systems” Grant. The review of this paper was
coordinated by Dr. C. Cozzo.

K. Ishihara and Y. Takatori are with the NTT Network Innovation Laborato-
ries, Nippon Telegraph and Telephone Corporation, Yokosuka 239-0847, Japan
(e-mail: ishihara.koichi@lab.ntt.co.jp; takatori.yasushi@lab.ntt.co.jp).

S. Kubota is with the Department of Electrical Communications, College of
Engineering, Shibaura Institute of Technology, Tokyo 135-8548, Japan (e-mail:
kubota.shuji@lab.ntt.co.jp).

F. Adachi is with the Department of Electrical and Communica-
tions Engineering, Tohoku University, Sendai 980-8579, Japan (e-mail:
adachi@ecei.tohoku.ac.jp).

Digital Object Identifier 10.1109/TVT.2009.2012716

I. INTRODUCTION

Since many of the next-generation wireless access systems are
expected to provide broadband services while using limited radio
frequency resources, spectrum efficiency must be improved. The
multiuser multiple-input–multiple-output (MU-MIMO) technique [1]
is an attractive candidate in addressing this problem. In MU-MIMO,
multiple mobile terminals (MTs) generate a virtual large antenna
array, and therefore, a large MIMO effect is expected, even for
simple MTs. Many studies on MU-MIMO systems in both the uplink
[2], [3] and downlink [4], [5] have suggested that a higher channel
capacity can be achieved. In this paper, we focus on uplink MU-MIMO
systems. Orthogonal frequency-division multiplexing (OFDM) [6], [7]
and single carrier with frequency-domain equalization (SCFDE) [8]–
[10] techniques are commonly applied to broadband wireless access
systems in MU-MIMO systems. OFDM and SCFDE systems employ a
cyclic prefix (CP) to induce the effect of a frequency-selective channel
into the circular convolution of a transmitted signal and the channel
impulse responses. SCFDE, in particular, attains a transmission quality
level that is comparable with that of OFDM while achieving a lower
peak-to-average power ratio (PAPR) [10]. Since a simple MT is
expected to use a low-cost amplifier, particularly in uplink MU-MIMO
systems, the low PAPR characteristic of a single carrier (SC) allows the
MT to use a high transmit power without signal distortion.

Basically, we can regard an uplink MU-MIMO system as a single-
user MIMO (SU-MIMO) system when beamforming is not carried out
at the transmitters. However, there are some differences between MU-
and SU-MIMO systems. In MU-MIMO systems, although it is impos-
sible to perfectly coordinate among multiple MTs in actual wireless
access systems, the access point (AP) must cope with both frequency
and timing offsets. To overcome the frequency-offset problem, we pro-
posed a space–time equalization method for MU-MIMO systems [11].
In this paper, we focus on the timing-offset problem. In the uplink,
the arrival timing differences at an AP among the signal streams from
multiple MTs caused by the differences in the geographical distance
between the AP and each MT represent a significant problem. When
the transmit timing control is used and all the arrival timing differences
are within the CP period, there is no interblock interference (IBI), and
the transmitted signal can be recovered. However, if the arrival timing
differences exceed the CP length due to imperfect timing control, the
transmission quality degrades. Furthermore, when the transmit timing
control is not used and all the MTs asynchronously transmit their
signals, the arrival timing differences are uniformly distributed and
exceed the CP period. This significantly degrades the transmission
quality. Although various cancellation techniques were proposed [12],
[13] to suppress the IBI caused by an insufficient CP length, these
methods require a decision feedback loop, resulting in a high com-
putational complexity level. It is clear that time-domain equalization
techniques such as that described in [14] can also be applied. However,
since the number of taps in the time-domain equalizer increases in
broadband wireless access systems, the complexity of the equalizer
becomes prohibitively high.

In this paper, we propose a novel multiuser detection (MUD)
method that can be used for asynchronous MU-MIMO systems in a
frequency-selective fading channel. The proposed MUD technique is
performed in the frequency domain with overlapping of the fast Fourier
transform (FFT) blocks while retaining a low complexity level. The
proposed method does not require transmit timing control and a CP.
SC transmission employing overlap frequency-domain equalization
(FDE) was reported in [15]–[17], which requires no CP and provides
almost the same bit error rate (BER) performance as that for SCFDE
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