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ABSTRACT

We consider wireless sensor networks whose nodes are randomly
deployed and, thus, provide an irregular sampling of the sensed
field. The field is assumed to be bandlimited; a sink node col-
lects the data gathered by the sensors and reconstructs the field by
using a technique based on linear filtering. By taking the mean
square error (MSE) as performance metric, we evaluate the effect
of quasi-equally spaced sensor layouts on the quality of the recon-
structed signal. The MSE is derived through asymptotic analysis
for different sensor spatial distributions, and for two of them we
are able to obtain an approximate closed form expression. The case
of uniformly distributed sensors is also considered for the sake of
comparison. The validity of our asymptotic analysis is shown by
comparison against numerical results and it is proven to hold even
for a small number of nodes. Finally, with the help of a simple ex-
ample, we show the key role that our results play in the deployment
of sensor networks.
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1. INTRODUCTION

The reconstruction of bandlimited, regularly sampled (or equally
spaced sampled) signals is a very deeply understood technique;
on the contrary, the reconstruction of irregularly (or non-equally
spaced) sampled signals is a topic still under investigation.
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The irregular sampling theory is concerned with the problem
of recovering a bandlimited signal from a sequence of samples,
which may be taken in an irregular way. Several reconstruction
algorithms have been proposed in the literature (see e.g., [1]) and
have found application in a variety of fields, such as digital medical
imaging [2,3], geophysics [4], weather forecast [5], astronomy, and
oceanography [6].

Recently, a great deal of attention has been devoted to sensor net-
works, whose nodes sample a physical field, like air temperature,
light intensity, pollution levels or rain falls, and report the data to
a common processing unit (sink node). The sink node is in charge
of reconstructing the sensed field. In general, sensors are not reg-
ularly deployed in the area of interest and, if not synchronized to
a common reference, their sampling time also differ. As a result
the physical field is not equally-spaced sampled both in the space
and in the time domain. If the field is bandlimited in both domains,
then an estimate of the discrete spectrum can be provided, although
high sampling irregularities typically result in a degradation of the
reconstructed signal. The work in [7] investigates this issue show-
ing how irregular spatio-temporal sampling affects the performance
in sensor networks. Other interesting studies can be found in [8]
and [9], just to name a few, which address the perturbations of reg-
ular sampling in shift-invariant spaces [8] and the reconstruction of
irregularly sampled images in presence of measure noise [9]. Some
conditions on the irregular topology of a sensor network, which al-
low for a successful signal reconstruction, are identified in [10].
There, however, it is assumed that the reconstruction algorithm has
perfect knowledge of the sensors position and measures are noise
free: the failure in reconstruction is only due to the finite machine
precision. Such assumptions are removed in [11] where sensors are
uniformly distributed over the spatial observation interval and may
move around a known average location; the effects of noisy mea-
sures and jittered positions are analyzed when linear reconstruction
techniques are employed.

Similarly to [10, 11], in this work we consider wireless sensor
networks and investigate a reconstruction technique that follows the
work by Feichtinger [1]. Such a technique does not require interpo-
lation and can be viewed as a generalization of the classical discrete
Fourier transform (DFT) to irregularly sampled signals. Although
the theory applies to fields in any dimension, for simplicity, we
study the unidimensional case in the space domain, i.e., we assume
that sensors are deployed irregularly on a finite spatial interval. As
discussed later, the extension to multidimensional space-time fields
is straightforward. We consider that the field samples are corrupted
by additive noise, due to quantization, round-off errors or quality
of the sensing devices. Moreover, the sink does not have perfect
knowledge of the sensor positions, as is the case when they are
estimated through a localization technique [12—-14].



Notice that, differently from our previous work in [11], here sen-
sors are fixed and their position is known at the sink with some
error. Furthermore, our goal in this work is to evaluate the perfor-
mance of the considered reconstruction technique in the presence of
quasi-equally spaced sensor layouts. The motivation for consider-
ing such network topologies is that typically terrain conditions and
deployment practicality make regular sensors placement unfeasi-
ble. For the sake of comparison, we also study the case of sensors
randomly distributed in the network area with a uniform distribu-
tion. Through asymptotic analysis, we derive the mean square er-
ror (MSE) on the reconstructed signal, as a function of the network
characteristics. Different network topologies are considered and
compared; in particular, for two of them, under some assumptions
on matrix freeness we find an approximate closed form expression
of the MSE, which proved to be very tight.

We highlight that our results play a key role in the design of
sensor networks and that, to the best of our knowledge, no previous
work has analytically studied the impact of itregular sensor layouts
on field reconstruction.

The rest of the paper is organized as follows. Section 2 intro-
duces the system model, Section 3 defines our performance metric
and gives some details on the field reconstruction technique. In
Section 4 we present the asymptotic analysis of the system perfor-
mance, and validate the analytical results through numerical simu-
lations. Finally, Section 5 concludes the paper.

2. SYSTEM MODEL
A unidimensional bandlimited physical field, described by 2M 4

1 harmonics, can be written as

s(z)

1 M
—j27kx
S e
2M +1 ¥t

The field is sampled in the space domain by 7 sensors, which are
deployed in the normalized interval [—1/2,1/2). The sensor posi-
tions are given by the vectorx = [z1,...,2,] T, . € [-1/2,1/2),
g =1,...,r. Then, lets = [s(z1),...,s(x,)]T. The discrete
spectrum of s(x) is denoted by the random column vector a =
[a_ar,...,ar2)T and we assume E[||a]?] = o2I".

We define § as the ratio of the number of complex harmonics
that describe the field to the number of sensors:

2M+1
o=
;

Notice that for equally spaced sensors the sampling theorem is sat-
isfied for 8 < 1, we therefore focus our analysis on this range of
values.

Following [1], the values of the field at positions x are given by
the size r column vector

s=Gla (1)

where ()T is the conjugate transpose operator and G is the (2M +
1) X r matrix defined as:

1 efj27rkzq

Gy«
(Gxia oM + 1

éeijszq

@3

-
forg=1,...,rand k = —M,...,+M. Notice that, if the posi-
tions x4 are equally spaced (i.e., xg = (¢ — 1/2)/r — 1/2), then
BGx is unitary (i.e., 8 Gx G! = I)[15]. It can be shown that,

1E[] is the average operator and the identity matrix is denoted by I
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in the multidimensional case, the relation between field spectrum
and samples is similar to (1), with a different structure of the ma-
trix Gx. We therefore limit our investigation to the unidimensional
case, since the extension to multidimensional fields is straightfor-
ward and considerations similar to the unidimensional case can be
drawn.

When the measures provided by sensors are affected by noise,
we can write:

p:ern:GlaJrn 3)

where the noise is represented by the r-size, zero-mean random
vector n, with covariance matrix E[nnT] = U,%Iz M+1. Letus de-
fine:

1

2
SNR,, — 2% —

0«
as the signal-to-noise ratio on the measure.

Measures are sent to the so-called sink node whose task is to pro-
vide an accurate field reconstruction; data transmissions between
nodes and sink are considered to be error free. However, we as-
sume that the sink does not have perfect knowledge of the network
topology and that an estimate of the sensors position is given by:

XxX=x+4

where the vector § represents the position error. The entries of d
are modeled as independent and identically distributed, zero-mean
random variables with probability density function f5(x), variance
0%, and covariance matrix F[88 T] = 02Isa711. The random vec-
tors 8, n, and a are assumed to be uncorrelated.

Both the noise n and the position error § affect the quality of
the reconstructed field. In practice, high reconstruction quality is
expected when the standard deviation o5 is small compared to the
average sensor separation. Since 7 sensors are deployed in the in-
terval [—1/2,1/2), the average sensor separation is 1 /. We there-
fore define the parameter

as

=1 )

as a measure of the uncertainty on the network topology at the sink;
when p = 0, we have perfect knowledge of the topology.

3. PERFORMANCE METRIC AND RECON-
STRUCTION TECHNIQUES

The task of the reconstruction algorithm is to compute an esti-
mate & of the spectrum a. Given &, the estimate §(x) of the field
s(x) can be obtained as:

M
N 1 A —j2wkx
i(x) = —m— E are

(@) Va1

As a reconstruction performance metric we consider the MSE of
the field estimate which, for any given x is defined as:

=

MSE, = T / |8(x) — s(x)|? dx]
a,n,s _1
2
- 1§ [la-a )
2M + 1 a,n,d

where the operator F[-] averages with respect to the subscripted
random vectors.

For linear models such as (3), several estimation techniques based
on linear filtering are available in the literature [16]. The idea is to



employ a suitable filter B such that the estimate of the field spec-
trum is given by the linear operation

a=B'p (6)

where B is an r X (2M + 1) matrix. Here we focus on the linear
filter providing the best performance in terms of MSE, that is, the
linear minimum MSE (LMMSE) filter. In our case this is given
by [16]:

B=GLRx+al)! 7

where Ry = GGl is Toeplitz and Hermitian. Notice that (7)
requires the knowledge of x, which is not available at the sink.
Therefore we use the only available information and replace x by
its estimate X, and employ the filter

B =GL(Rg +ol) " 8)

The matrix G is defined as in (2), where x is replaced by £, and
Ry = G G;[(. We further assume that the value of SNR,,, — o "
is known. Substituting (6) in (5) and using (3), after some algebra,
we write the MSE as:

1 2
MSE, = —— HBT G, _ H
2M+1a,15,5{ (Gxatn)-a
o, i IR
i A

+ol [Re(Rs + ol) %] +1

_om {IE; [GXG}((R;‘ +a1)*1} }} ©)
where Tr{-} and R{-} are the trace and real part operator, respec-
tively. Clearly (9) is a function of a given network topology de-
fined by x. In a more general case we consider the topology to be
random, with independent positions x4, having probability density
functions (pdf) f4(x),¢ = 1,...,r. In particular, in this work we
compare different topology distributions, labeled as follows (see
Figure 1):

o Uniform-1: where x, has zero mean and is uniformly dis-
tributed in [—1/2,1/2);

e Uniform-2: where x4 has mean Z, = (¢—1/2)/r—1/2, and

is uniformly distributed in [Z, — o, %, + 5= ), with variance

1.
12727
e Gaussian: where x4 has mean T, = (¢ — 1/2)/r — 1/2,
and is Gaussian distributed with mean T, and variance o .
Similarly to (4), it is useful to write UZ in terms of the average
sensor separation 1/r through the parameter 7, that is UZ

n’/r.

The Uniform-1 distribution assumes that sensors are deployed with
uniform distribution over the entire sampling region. One of the
reasons for analyzing this distribution is that, among all others, it
has the highest possible variance and, as will be clear in Section 4,
provides the worst performance. Instead, Uniform-2 and Gaussian
reflect the attempt to deploy sensors in a quasi-equally spaced man-
ner. This is the case when a regular sensors placement is desirable
but, due to terrain conditions or deployment practicality, it turns
out to be not achievable. Notice that the support of the Gaussian
distribution is infinite and, thus, with a non zero probability some
of the samples z, fall outside the range [—1/2,1/2). In principle
such values should be discarded. In practice, we consider them as
valid sampling points by wrapping them around. Note that, when
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Uniform-2

Uniform-1

Figure 1: Qualitative representations of the pdfs Uniform-1,
Uniform-2 and Gaussian

the distribution variance is small, the effect of such operation is
negligible.

In the following the three distributions are compared in terms of
the MSE that is obtained on the reconstructed field.

4. ASYMPTOTIC ANALYSIS OF THE MSE

A simple and effective tool to evaluate the performance of large
finite systems is asymptotic analysis. In our case, we let the field
number of harmonics 2M + 1 and the number of samples r grow
to infinity, while the ratio 3 = (2M + 1)/r is kept constant. The
results show the validity of our asymptotic analysis, even for small
values of M and r.

To carry out our asymptotic analysis, we consider as perfor-
man;:e metric the asympiotic per-sample average MSE, normalized
too,:

MSE =

,7—+o00 O

1
lim — IE;[MSEX]
Also, for simplicity of notation we introduce the linear functional [17]

lim
n—-+oo

1
$(X) = lim =T {B[X]}
where the argument X is an n X n random square matrix. The func-
tional ¢(-) has many interesting properties; here we report those
that will be useful in the following analysis:

ey ¢(9(X)) = Elg(&)],

=1, —

H(X1 +Xs) = ¢(Xy) +0(X2), ¢(aX) = oa)d(X)

where £ is the random variable with the asymptotic eigenvalue
distribution of X, g(-) is an analytic function®, and a is a scalar
(see [17] for further details). From (9) and using the above defini-
tions, we obtain

MSE.. & <GXG;E((R,; n aI)*ZGﬁGL) 1

+oo (Re(Rg + ol) %) — 2R ¢ (GXGL(R& n aI)*l)
(10)

4.1 Uniform-1 topology

Clearly (10) depends on the distribution of x. We first analyze
the Uniform-1 distribution, i.e., the case where x4 ~ U[—1/2,+1/2).

Note the small abuse of notation when using g(-) for both scalar
and matrix argument



Then, the following results hold:

o(R) = o(RX) (11)
$(G<GLRE) = ¢(GxGLRY) (12)
H(GxGLREG:GL) = ¢(G:GLREGLGL) (13)

where p is a positive integer (the proofs are given in Appendix A).
Moreover in Appendix B it is shown that:

E[Gx] = CGy (14)
s
E[GLG4] glcteay vl (15)
s
where v = 1—Tr{C'C}/(2M +1) and the (2M +1) x (2M +1)

diagonal matrix C has entries given by:
(Cler = Cs(—j2rk)

fork = —M, ..., M, and with Cs(s f+°° exp(sz)fs(x)dz
being the chamcterlsnc function of the random variable §.

From (11) it follows that, if the function g(Rs) admits a power
series in the variable Rg (i.e., g(Rg) = > ;o0 cin;), then, thanks
to the linearity of the functional ¢(-), we have:

¢(9(Rs)) = ¢(9(Rx))

. By defining g(Rx) = Rx(Rx + aI)fz, the second term of (10)
simplifies to ap(Rx(Ryx + oI)™2). Similarly, for the first and
fourth term of (10) we obtain, respectively,

P(GxGLg(R2)G2Gl) = ¢(G2GLg(Rx)GGY)

and
$(GxGlg(Rs)) = ¢(GeGLg(Rx))

Then, the asymptotic MSE reduces to

MSE

P <G,;Gl (R + aI)*ZGxGL) 1
oo (Ru(Rx + oI) %) — 2R ¢ <G&GL(RX n aI)*l)
(16)

Applying the definition of ¢(-), the properties of the trace operator
and (15) to the first term of (16), we have:

P (GﬁGL (R + aI)*ZGth>

¢ G GLG:GlL (Rx+a1)*2)

oo

( (GTCTCG Jrl/I)G (Re + )" )

E[GLG:|GL(R +ol)~ )

(cTCR

+(1-

Using (15), the fourth term of (16) can be rewritten as:

ot aI)*ZRx)

9(C1C)) ¢ (Ru(Rox + 1) ?)

¢ (GxGL(Ratal) ) = o (Ig;[G&] GL(Rox + aI)*l)
¢ (CRx(Rx + aI) ™)

Let us assume that C and R are asymprotically free matrices [17]
(later in the paper, we will show that this is a fair assumption,
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given the excellent match between analytical and simulation re-
sults). Then, ¢(CPLRE?) = ¢(CP*)¢p(RE?) for any positive in-
tegers p1, p2, and the final expression of the asymptotic MSE be-
comes:

MSEoo H(CTOR {

ot a)
+5<14—a—-¢UﬂCD>E{fX?éﬂﬁg]

] an

1 —2¢(R{C

H = 2RONE [
where A is a random variable with pdf fi(x, 3), distributed as the
asymptotic eigenvalues of 3 Rx. Looking at (17), we make the
following remarks.

(i) The distribution of X depends on the parameter 3, since
appears in the definition of Rx. Thus, in the analysis of the
MSE the function fi(x, 3) completely defines the topology
distribution.

(ii) Equation (17) shows that the effects on the MSE induced by
the random topology distribution fx(x,3) and by the rel-
ative noise level o« can be decoupled from the effects due
to imperfect knowledge of the network topology at the sink
(represented by the matrix C).
(iii) For the evaluation of the averages in (17) a closed form ex-
pression of fx(xz, 3) would be required. To the best of our
knowledge such expression is still unknown, although [10]
provides an algorithm to evaluate the moments of A in closed
form. We compute the averages in (17) numerically.

Figure 2 shows the histograms of fx(xz,3) for the Uniform-1
topology distribution and different values of 3. Observe that, for
8 = 0 (r — oo, while keeping M constant), the matrix R« tends
to the identity matrix and, thus, fi(z,0) = 6(z — 1) with 6(-)
being the Dirac’s delta.

L2 B=0.15,1=1260, M=94 — =
X B=0.25,1=724, M=90 —=—
) B=035, =500, M=87 —=— ||
B=0.45,r=380, M=85 —o—
\ / B=0.55,1=380, M=104 —+—
Ny
a 1\\
P AEN
s % K
/ N
0 // \%ﬁ%&
0

0.4 0.8 2.8 3.2 3.6

Figure 2: Histograms of f)(xz, 3) for different values of 3

As for the matrix C we observe that, when the error vector d is
Gaussian distributed with zero mean and variance o2, its character-
istic function, C5(s), is given by:

Cs(s) = exp(o3s’/2)



In this case the matrix C is real and, for a constant p = osr and
any integer p, we have:

1
Cc?) = li ——Tr{C?
$(C") M,JEH#OO a1 e
— lim +§M: (Cs(—j2mk))?
T My—teo 2M + 1 517
Il k=—M
. 1 w 2 2.2
= Mth+ M1 E eXp(—27T pagk)
,'rﬁ [ 'y
M

27.2
<_27T2ppr]; )

exp (—27T2pp2 62 zz) dz

1
lim @ —— Z exp
M,TE+OO 2M + 1 'y
+1/2
Lo

1 P
—erf [ 78p \/j>
V2m32p%p ( 2
In particular, for p — +o00 (no knowledge of the network topology)

¢(CP) = 0, while for p = 0 (perfect knowledge of the topology)
¢(CP) = 1. Also, we have: limg_,0 ¢(CP) = 1, for any p.

(18)

Figure 3 shows the MSE obtained when the network has a Uniform-

1 topology distribution and the LMMSE filter (8) is employed. A
Gaussian distribution of the position error § is assumed. The solid
curves were obtained by computing (17) and averaging over the
eigenvalues of 200 realizations of the matrix Ry, with 3 = 0.2
and M = 200. The markers represent the average MSE obtained
by computing (5) and averaging over 200 realizations of the mea-
sures p, with 3 = 0.2 and M = 20. The curves are parameterized
by p. The figure also shows the asymptotic results p = 0 (lower
bound); the corresponding expressions of the MSE is given by:

. (e}
lim MSE., = E b
p—0 A+ aB
10!
v N
o1 \ﬁ\
m
17 -2
s 0 \
13 |[MSE., I \\T
MSE, p=2 A j\ﬁ\tﬁg fF——1
. [|MsEp=12 o
10* F
MSE, p=1/8 o _
> P P=0i T o
MSE, p=1/32 %
107 : :
20 410 0 10 20 30 40 50 60
SNR , [dB]

Figure 3: Uniform-1 distribution: MSE., and MSE as a func-
tion of SNR,,, (dB) and parameterized by p, with 3 = 0.2

Looking at the plot in Figure 3, we observe that, as expected, a
better knowledge of the network topology results in a lower MSE.
Furthermore, the tight match between asymptotical results and fi-
nite system simulation, even for small values of M and r, confirms
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the validity of the asymptotic analysis as well as the correctness of
our assumptions about freeness. As a last remark, we mention that
similar results have been obtained for any value of 3.

4.2 Uniform-2 and Gaussian topologies

For distributions other than Uniform-1, equalities (11), (12), and
(13) do not hold anymore. As an example, below we provide the
closed form expression of ¢(Ri). When x follows the Uniform-
1 distribution and the error vector d is Gaussian distributed, we
have [10]:

1+ 8
o(R2) = 6(Ry) = —5
When x follows the Uniform-2 distribution, we have:
1+8
oRY) = 3
_l // sinc> (6Z1 . 6Z2)e(74w2p2ﬁ2(z1722)2) dzy dzg
BJJa

and

¢(R,2() = ! Jrzﬁ _ 1 // sinc? (Bz1 — Bz2) dzidze  (19)

B BJJa

while, when the entries of X follow the Gaussian distribution, we
obtain:

14+ 8

#(R3) = e
_l// o(Am 8% (1= 20)?) (—4m28%0 (1= 2)%) 4 .
BJJa
and
H(R2) = 115 _ %// (PR ) 4, 40 (20)
A

where the set A € R? is defined as

11 11
a{emlne|-51) me [-45) a2 a)

The proof is omitted but can be easily obtained using the defini-
tions of ¢(-) and Rg. Notice that the approximation ¢(R3) =
$(R2) is tight when exp (—47°3%p*(z1 — 2)°) ~ 1, ie., for
p < 2/(w3). Under this condition, we observed that also the ap-
proximations:

o(R;) =~ o¢(RY)
#(GxGLREY) ~ ¢(GxGLRY)
H(GxGIREGGY) (G GIREG,GY)

are tight, we therefore conclude that the asymptotic MSE can be
approximated by (17), with the appropriate distribution of A.
Figure 4 shows histograms of fx(x, ) for 3 = 0.25,0.50,0.70
when the entries of x follow the Uniform-2 (solid lines) and Gaus-
sian (dashed lines) distributions. For the Gaussian distribution we
setn? = %, so as to obtain the same variance as in the Uniform-2
case (i.e., UZ = ﬁ). The histogram of the two distributions of A
look very similar: they are concentrated around = = 1 even for high
values of 3. On the contrary, as depicted in Figure 2, the Uniform-1
distribution shows a significant fraction of eigenvalues close to zero
as (3 increases. The reason for such different behavior is that distri-
butions Uniform-2 and Gaussian guarantee a more regular sensor
deployment. Recall that a perfectly regular (equally spaced) distri-
bution of sensors results in Rx = I/3 and fi(z,8) = §(x — 1).
For example, a realization of X in the interval [—1/2,1/2) such that



f,x.B)
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0
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Figure 4: Histograms of fx(x, 3) for 3 = 0.25,0.50, 0.70, for
the Uniform-2 and Gaussian distributions

allzy < 0,forg=1,...,7,1is likely to happen for the Uniform-1
distribution, while it is impossible for the Uniform-2 distribution
and very unlikely in the case of the Gaussian distribution. Unfor-
tunately, for these network topologies a closed form expression of
Fal(z, B) is unknown and therefore (17) must be computed numer-
ically.

10!
! N
10! Kxfﬁﬁ; ANy A
2 102 M
> \X]\@‘G* 15} 0}
5 [ [MSE,, —_— N
10 ;\E
MSE, p=2 & = SN N
(gt [[MSEp=12 o
MSE, p=1/8 o p=0 — %,
MSE, p=1/32 x
10—5 T T
-20 -10 0 10 20 30 40 50 60
SNR,, [dB]

Figure 5: Uniform-2 distribution: MSE., and MSE as a func-
tion of SNR,,, and for different values of p

Figure 5 shows the MSE obtained when the network topology
follows the Uniform-2 distribution. We used the same parameter
setting as in Figure 3. Here the MSE, has been attained through
(17), which is an approximation of the true asymptotic MSE; how-
ever, the match between the numerical evaluation of the MSE and
the results computed through (17) is very tight. Recall that the con-
dition that guarantees a tight approximation is p < 2/(73); in our
case: 2/(mf3) =~ 3.18.

Figure 6 compares the MSE achieved by the Uniform-1 and
Uniform-2 distributions, for p = 1/10 and different values of (.
The curves have been computed using (17) for both distributions,
since the condition p = 1/10 < 2/(wp3) is satisfied. In gen-
eral, for any given (3, the Uniform-2 distribution provides a lower
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Figure 6: MSE . achieved by the Uniform-1 and Uniform-2 dis-
tributions for 3 = 0.2,0.4,0.6,0.8 and p = 1/10

MSE«, especially for high SNR,,. For high values of 3, the
MSE of the Uniform-1 grows unbounded as SNR,, — oo. In-
deed, using (17) we notice that

scio)t (1-ocie) s [f]

+1 — 2¢(R{C})

is dominated by the term [E[1/A], which in [11] has been shown to
diverge for 8 > 0.35.

lim MSE.

a—0

fl \\

10
«—e—
%8 102 R 7
= \\E%E\—Eﬂl 5858
A =
103 L Uniform-1, B=0.4 —x—
Gaussian, B=04,m’=10 ~ —&—
el Gaussian, B=0.4, 1’12:1 —e—
Gaussian, B=04, n’=1/12 ——
Gaussian, B=0.4, n2:0 i
107 i ‘ ‘ ‘
-20 -10 0 10 20 30 40 50 60
SNR,, [dB]

Figure 7: MSE . achieved by the Gaussian topology distribu-
tion for 3 = 0.4, p = 1/10,and n* = 0,1/12,1,10

Figure 7 shows the MSE, achieved by the Gaussian topology
distribution, for 3 = 0.4, p = 1/10, and n* = 0,1/12,1,10.
For the same values of 3 and p, the Uniform-2 distribution gives
very similar results to those obtained for the Gaussian distribution
withn? =1 /12. As expected, lower values of 7n? result in a more
equally spaced sensor deployment and, thus, in a lower MSE.
Note that 7> = 0 results in a perfectly equally spaced deployment
of the sensors. Also, the difference between the performance of
the equally spaced deployment (5°> = 0) and the performance of



a Gaussian deployment with n°> = 1 /12 is negligible. The above
observations hold for any value of 3.

4.3 Closed form approximation

To derive a closed form approximation of (17), a closed form
approximation of fy(x,3) is required. Figure 4 shows that, for
the Uniform-2 and Gaussian network topologies, the shape of the
empirical pdf of A is well approximated by a triangle with vertices
at coordinates {(1 — a,0), (1 + a,0),(0,1/a)}, where 0 < a <1
is a parameter. Such triangular distribution is defined by the pdf

(t—1+a)/a® 1—a<z<1

fi(z,B) =4 (I1—-z+a)/a® 1<z<1+a
0 elsewhere
which has average y; = 1 and variance o7 = “—62. The condi-

tion ¢ < 1 is required in order to avoid negative eigenvalues. The
variance of A is given by

ox = E[N] - E[N? = ¢(8°R3) — ¢(BRx)”

Since ¢(BRy) = 1 for any topology distribution, solving (19)
and (20), the variance of A can be written as:

B 2cos’(m8) — 2 + Ci(278) — In(273) — v

2
on = @ 723
—2si2rp)
m
for the Uniform-2, and as
2 erf(278n) 1 — exp(—47’8%n?)
ox=08-

2y/7n Am? Bn?
for the Gaussian distribution. The functions Ci(-) and Si(-), and
the constant v are the cosine integral, the sine integral and the
Euler-Mascheroni constant [18], respectively. For low values of
B, the variance of A can be approximated by 3 == ’1’—;63 for the
Uniform-2 distribution, and by o3 == %77263 for the Gaussian
distribution.

The parameter a of the triangular pdf can be obtained by setting

a? = ai, ie.,

_ 2
a = /6oy

Using the triangular distribution, the asymptotic MSE (17) is ap-
proximated by

MSE.. ~ &(C'C)L t L3 (1 fa— ¢(CTC))
+1 = 2I¢(R{C}) (21)
where the integrals over the support A of the triangular pdf

2
T

I = /Amft(%ﬁ)dm
T

I = /Amft(%ﬁ)dx

T
Is = /Amft(%ﬁ)dx

can be evaluated in closed form expression.

For the Uniform-2 distribution, Figure 8 compares the MSE
given by the triangular approximation (21) (dashed lines) and the
MSE given by (17) (points), for p=1/10 and $=0.2,0.4,0.6,0.7.
The match is very tight for all values of 3 and all SNR,,,s. The
triangular approximation showed to be very tight also in the case of
the Gaussian distribution.
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Figure 8: Uniform-2 distribution: MSE.. given by (17) and
its triangular approximation (21), for p = 1/10, and 8 =
0.2,0.4,0.6,0.7

To conclude, below we give an example of how our results can
be used to deploy sensors so as to obtain the desired quality of the
reconstructed field.

Example : A network characterized by 3 = 0.4, p = 1/10,
and SNR,, = 30dB is deployed by an airplane throwing
sensors at equally spaced time instants. The unpredictable
effects of winds result in a non perfectly equally spaced de-
ployment on the ground. The distribution of the deployment
error is assumed to be Gaussian with parameter 1. We want
to determine how accurate the sensor deployment need to
be, i.e., the maximum 7 for which the network provides an
MSE not larger than 5 - 1072,

By looking at Figure 7, we observe that for SNR,,, = 30dB
it is sufficient to have n° < 10 so as to provide the required
MSE. Interestingly, we note that a perfectly equally spaced
(and very expensive) deployment, i.e., > = 0, does not pro-
vide an MSE lower than 2 - 1072,

5. CONCLUSIONS

We considered randomly deployed sensor networks sampling a
bandlimited field, and we analyzed their performance in terms of
the MSE obtained on the reconstructed field. In particular, by using
asymptotic analysis, we studied the case of uniformly distributed
sensors and then we focused on quasi-equally spaced sensor lay-
outs. For the latter, we were able to derive approximate closed
form expressions of the MSE, which was shown to be very tight.
Finally, we gave an example of how useful our results can be for
the design of sensor networks.
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APPENDIX
A. PROOFS OF (11)-(13)

Here we provide the proof of claims (11)-(13). Concerning (11),
from the definition of ¢(-), we have

PpRY) = i

P
M,Tgioo g g1 TR

E

281

Expanding the matrix power, we obtain:

M

Z (Rg)flfl

=—M

E[Tr{R%}] E

E|Y (R)ueRadees - (Rade, 16, (Rudeyey
1

wherel = [¢1,...,£p]is avector of integers, and {; € {—M, ..., +M},
i=1,...,p. Since Ry = Gy G1, the kh-th entry of Ry is given
by:

1 LN
Rx _ —j2n(k—h)zq
(Roc)in = 23771 > e

g=1
Thus,

E[Tr{RX}]

= G D S [ e )
1 a

and similarly,
[Tr{RZ}]

1 2w (£ —£2) gy — - —j2m (Lp—L1)E
ETER DI DI ]
(2M + 1) =5

1 —j27 (1 —L2)zg; — —j2w(Lp—£L1)x
G T B[ et
(2M + 1) T

B [eszw(elfeg)aql7---7j27r(epfel)5qp} (23)
s
whereq = [q1, . . ., gp] is a vector of integers withg; € {1,...,7},

Jj=1,...,p. In practice (23) is obtained by summing products of
averages of the type E [eﬂ%kﬂ E [eﬂ%k‘;}, for any integer k.
T é

Notice that

E |:e7j27rkz}

T

E

[e*ﬂ"’“‘} — Oy (—j2rk)Cs(—j2rk)
)

where C,(s) and C5(s) are the characteristic functions of the ran-
dom variables = and J, respectively. Since z is uniformly dis-
tributed in [—1/2, +1/2), then

oo
| et
875/2

+1/2 s/2
/ etde =S "¢
—1/2 8

Cx(s)

Therefore C(—j2mk) = 1 for k = 0, and C,(—j27k) = 0 for
k #£ 0. Tt follows that

Co(—j2mk)Cs(—j2mk) = Cu(—j27k)C5(0) = Co(—j2mk)

since C5(0) = 1 by definition of the characteristic function. It
turns out that

E

T

—j2nkzx —j2nwkd | —j2nkzx
[ g e = e
and by consequence E[Tr{R}}] = E[Tr{RE}], so that ¢(R%) =
H(RL).

The proof of (12) and (13) can be given in a similar way.



B. PROOF OF (14) AND (15)

From the definition in (2), we have:

1 _j2rks
E[(Go)g] = ———— Ele 92"k%
E(Go] — s Ele )
1 —j2nkx —j27ké
——¢ q E e q
2M +1 5[ ]
1 —j2nkx s
———e¢ 1C5(—j2nk
I 1 s(=j2mk)
(C)rr(Gx)rg

where C5(s) = fj;f exp(sz) fs(x) dx is the characteristic func-

tion of § and C is a diagonal matrix with entries given by (C)xr =
Cs(—j2mk). We conclude that:

E[Gs] = CGx
Similarly,
g @i
L L NP ek iky
QM +1, 4 s

+M

o 1 2rk(zg—z /) [ j27k(dg—9 /)}
T aM 1 k;Me TR ’

Ifq#¢,

IE? [(GLGﬁ)qq/}

TRE
_ J2mk(zg—2 ) [ j27rk6q} [ 7j27rk5q/}
oM 11,4~ " Bl Ele

=M

TR
= ST 2 @ Caizmk) Gy (—i2k)
k=—M

— (GLCTCGX)
aq’
Ifqg=¢,
IE? [(GLG&)qq}

1 el j2mk( ) j2mk(8g—8q)
_ JeTR(Zg—Tq Jm q %
2M+1k;Me Ble ]
= — 1
2M+1k:7M
= 1

Since (GLCTCGL ),y = Tr{C!C}, we obtain:

Tr{CTC}
Ta.l— alot _ N~ My
E[GLGs] = GLCTCGx + (1 o1 )]
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