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III. COMMUTATIVITY OF DUALITY OPERATOR AND
PROPAGATION OPERATOR

We will denote by D+ the dual code of D. We have that Po,s) (D)J‘
is alinear [l - n,h -n — s -k — (r — s)] code with a parity-check
matrix P(c ) (G). We are interested in knowing when the dual of a
propagation code of D is a propagation code of DL,

From now on let C, C5 be linear codes with parameters [h1, r1, d1]
and [h2, 72, d2]. All the propagations will be made according to gener-
ator matrices G’y , G, of C, Cs, respectively. We have the following
characterization of commutativity.

Proposition 2: Let(0 < s1 < ry and 0 < s2 < ro. The equality
7:,(01-51)(Dl) :/P(Cz,sz)(D)L )
holds if and only if the following conditions hold:
1) hl = hz;
2) nhy —kso — (ro —s2) = (n—k)s1 + (r1 — 81);
3)

1

Z Z_ (Gcl ) ng)lmc[Tdm

I=1 m=so+1

1 ED)
+ Z Z (Gey - Géz)lmc’/l dm =0Ver, dm
where

I=s14+1m=1
D D+
: ’ dm ’
clE{Rm E{Rn,

Proof: Properties 1) and 2) arise directly if we compare the
length, respectively, the dimension, of the codes in the right-hand side
and the left-hand side of (4).

Suppose P, ,51) (DJ‘) and P(¢, .+, (D) are orthogonal. Let

Geo, = (aij), G, = (Bij)-
If we write down the orthogonality relation we have

n h ry ro

i=1 j=1 \I=1 m=1

if m S S9
if m > so.

(&)

where ¢; = (c1iy...,cn)” and dm = (dim, ..., clnm)T fulfill the
conditions in (5). The left-hand side of (6) is
r1or2 hk n r1or2 hk
Z E Z(}:Uﬂmj Zciidim = Z E Z(Jf[]'ﬂm]’(:;rdm
I=1 m=1j=1 i=1 I=1 m=1j=1
T T2
=3 Z(Gcl - GEQ)I T
I=1 m=1 m
@)
Since for I < s1, m < sy we have ¢f d,, = 0, condition 3) in the
proposition follows. O

Finally, the following proposition generalizes the result in [4].

Proposition 3: 1f1 ¢ D,T ¢ D™, and the characteristic of F,, does
not divide n, then condition 3) in Proposition 2 is equivalent to
*g 1 X892

e Os X(r' —s»)
Go, -GéQ — ( | 1X(r2—s2
0(f1*é>‘1)><s2 ’ 0(T1*51)><(T2*82)

where *,, x 5, 18 an arbitrary sy X so matrix in F;; and 0; ; isthe? X j
Zero matrix.
Proof: Suppose P(c, __‘,l)(DJ‘) = 73’(@27,‘,2)(D)J‘, thus, we have

, T
Picrs)(Gpi) - (Pies,en(Gp)) =0

and the result follows. O
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IV. CONCLUSION

In this correspondence, we have studied a generalization of
Niederreiter—Xing’s propagation rule for linear codes. We have seen
that the classical Niederreiter—Xing’s propagation rule is a particular
case of our construction when we use a close nested family of MDS
codes. We have also studied the commutativity of the propagation
rule with duality. The necessary and sufficient conditions for this
commutativity generalized those in [4] and reduces their proofs.
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1. INTRODUCTION

Multidimensional Z" -lattice signal constellations with specified
modulation diversity have been proposed for transmission over the
fading channel [3]. Given a Z"-lattice constellation, the desired
modulation diversity is obtained by applying a suitable rotation using
algebraic number-theoretical tools [11], [5]. The Chernoff bound
on the pairwise error probability shows that the two relevant design
parameters are modulation diversity and minimum product distance,
dp min [3], [4]. Good performance may be obtained by selecting
rotations that maximize these parameters.
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In [4], it is shown that lattices constructed by the canonical embed-
ding of an algebraic number field K of signature (,r2) have diver-
sity L = r1 4 r2. Hence, totally real algebraic number fields result in
the maximum diversity L = n, equal to the dimension of the lattice
constellation (or the degree of K). This motivates the investigation on
Z™ -lattices over totally real number fields.

In this work, we consider algebraic constructions of rotated Z" -lat-
tices using the theory of ideal lattices [1]. In particular, we analyze two
families of totally real number fields:

1) the maximal real subfield of a cyclotomic field;

2) cyclic fields of odd prime degree.

We then provide a technique to combine these constructions in order to
build rotated Z" -lattices in higher dimensions. A few ad hoc construc-
tions over totally real number fields were previously proposed in [5],
[2], [7]. This correspondence gives new systematic constructions of a
large family of such constellations and presents explicit expressions for
the corresponding dy, min -

The next section introduces basic definitions and facts of algebraic
number theory. Section III discusses the lattice construction from an
algebraic number field in the context of ideal lattices and shows how
to evaluate d;, min .-

In Sections IV-VI, we give an explicit construction of the lattices for
each family and compute their minimum product distance. Section VII
compares the performance of the new constructions, through simula-
tion. Section VIII concludes the correspondence addressing topics for
future work.

II. BASIC DEFINITIONS AND FACTS IN ALGEBRAIC NUMBER THEORY

We introduce some definitions and facts about algebraic number
theory that will be used in the correspondence, though we assume basic
knowledge about fields and rings. The interested reader may refer to
[12] for an introduction to algebraic number theory and to [6] for lat-
tice theory.

Recall first some basic definitions about field extensions. Let ' =
Q(9) be an extension of @ of degree n. If the minimal polynomial of
6 over @ has all its roots in K, we say that K is a Galois extension of
Q. The set of field automorphisms

Gal(K/Q)={c: K — K |o(z) =2, Yz € Q}

is a group and is called the Galois group of K over Q. If a Galois
group is cylic, the extension is said to be a cyclic extension, or cyclic
field. Here we will restrict our attention to Galois extensions.

Definition 1: Letx € K and Gal(K/Q) = {0 }i=;. The trace of
2 over @ is defined as

Trr,q(e) = Z oi(x)
i=1
while the norm of x is

Nijglz) = H ai(x).
=1

Definition 2: Let
Ok ={« € K|3 amonic polynomial f € Z[X] such that f(x)=0}.

The set O is a ring called the ring of integers of K. Furthermore, it
possesses a Z-basis {w1,..., wpt,le, Vo € O,z = >, aiwi,

witha; € Z, i = 1...n and n is the degree of K.

Definition 3: A Z-basis of Oy is called an integral basis of K (or
of Ox).
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Definition 4: Let {w1,...
number

,wn } be an integral basis of O . The

di = D(wi,..,wn) = det(Trx/q(wiwy))

is called the discriminant of K.

Note that the discriminant is independent of the choice of the basis.
We now recall some definitions about ideals, before introducing
some ideas and facts related to the ramification of primes.

Definition 5: An ideal T of a commutative ring R is an additive
subgroup of R which is stable under multiplication by R, i.e.,aZ C T
forall « € R.

Definition 6: An ideal 7 is principal if it is of the form

T =(x)=aR={xvy, y € R}, z el
Example 1: If R = Z, we have that nZ is a principal ideal of Z for
all n.

Definition 7: We say that an ideal T is prime if it satisfies the fol-
lowing property: if zy € Z,thenxz € Zory € 1.

The notion of ideal can be extended as follows.

Definition 8: A fractional ideal 7 is a sub-Ox -module of K such
that there exists d € Ox\{0} withT C d ' Ox.

It is well known that for all n € Z, there is a unique factorization
into prime numbers (times =£1). This notion of factorization fails to be
true in general rings of integers, but is replaced by an analogous for
ideals.

Fact 1: [12] Every ideal Z of Ok can be written in a unique way as
a product of powers of prime ideals

T=]]®:
=1

For fractional ideals the powers e; appearing in the above factorization
may be negative. Ramification theory investigates how prime ideals of
Z behave when considered as ideals of O (see Fig. 1).

Definition 9: Letp € Z. Consider p = pZ, a prime ideal of Z.
Using the previous fact, pOx = []/~, B;*. The integer e; is called the
ramification index of ;. If one e; > 2, we say that p (or p, by abuse
of notation) ramifies in O . If pOx = L, we say that p is totally
ramified in O . In the special case where K /@ is a Galois extension,
e; = e forall 7.

Example 2: Let K = Q((), where { = (,, with p an odd prime
and ¢ a pth root of unity. The minimal polynomial of K  is given by

Pla)=a? 2P+ L

Since we also have that ®(x) = ],i;i (x — %), evaluating the poly-
nomial in # = 1, one obtains that p = [J2Z](1 — ¢*). Recall that

Ox = Z[¢] [12], [13]. Thus,

p—1
pZ[) = T[(1- ¢

k=1
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where (1 — ¢*) is here an ideal of Z[¢]. Because 1 — ¢*|1 — ¢ and,
conversely, 1 — ¢|1 — ¢*, the ideals equality (1 — ¢*) = (1 — ¢) holds
for all &, so that one deduces the factorization of pZ[(]

pZ[()=(1-OF

Here p is thus totally ramified. One can show that p is actually the only
prime which ramifies.

The ramification of a number field K is closely linked to its discrim-
inant and to the so-called different.

Definition 10: The set
D,_(}Q = {2 € K |Va € Ok, Trgg(za) € Z}

is a fractional ideal of O called the codifferent. Its inverse ideal D /¢
is an integral ideal of Ok called the different.

Fact2: [13] A prime ideal 3 of O is ramified in K'/Q if and only
if it divides the different, i.e., it appears with a positive exponent in its
factorization into prime ideals.

Definition 11: Let a be an ideal of O . Its norm is defined by
N(a) = |Oxk/a]. It directly follows that if @ = aOy is principal,
then [V(Cl) = |.N[(/Q((l,)|.

Fact 3: [1] .N(DK/Q) = |dK|.

The primes in the factorization of the discriminant of /' are thus
exactly the ones that ramify.

Example 3: Let K = Q(¢). The discriminant of K is
(—=1)(P=1/2pp=2  There is only the prime factor p in the fac-
torization of the discriminant, which corresponds to the fact that only
p ramifies.

III. IDEAL LATTICES

We start by introducing the notion of ideal lattice and derive a
formula for its minimum product distance. Throughout the corre-
spondence, we consider totally real number fields resulting in full
diversity lattice constellations [4]. We then consider as a special case
the Z" -lattice.

Definition 12: Let K be a totally real number field of degree n. An
ideal lattice is a lattice (Z, qo ), where 7 is an O -ideal (which may
be fractional) and

o I XTI —2Z, ga(w,y)=Tr(azxy), Va,y €T

where Tr = Try,q is the trace and o« € K is totally positive (i.e.,
i (a) > 0Vi).

In the following, we will use the term lattice to denote either the
quadratic form defining the Gram matrix or the particular embedding
defined by the lattice generator matrix M.

If {w1,...,wn} is a Z-basis of Z, the generator matrix 3 of the
lattice A = {& = AM|X € Z"} is given by

Vaioi(w) oo (w) VO on(w)

M= M
N Tn (wn )

Varoi(wn) oazea(wn)

where «; = 0;(«), Vj. One easily verifies that
MM' = {Tr(aw;iw;) oy

This choice of a generator matrix uniquely identifies a lattice A from
(Z.qa)-
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A. The Minimum Product Distance of an Ideal Lattice

We study the problem of computing the minimum product distance
for general ideal lattices.

Definition 13: Given an n-dimensional lattice A with full diversity
L = n, we define the minimum product distance of & = (21,..., 2,
from the origin as

dp,min = min d,(z)
xrEA

where

n

dy(@) = [ lo-

i=1
We are interested in relating d}, min to the algebraic properties of the
fields and ideals used to construct the lattice. Recall first the following.
Lemma 1: If T is a principal ideal of O, then
min,zoezN(z) = N(I).

Proof: Since T is principal, Z = (a) and N(Z) = |N(a)|. Let
x#0€Tandzx = ay fory € Ok. Thus,
IN ()] = [N(a)IN(y)| = N(T)
and equality holds iff N(y) = £1. The minimum is reached for x =
aw, where u is a unit. O

In the case where Z is principal, we can give the exact value of the
minimum product distance of an ideal lattice (Z, ga ).

Theorem 1: LetZ be a principal ideal of O . The minimum product
distance of an ideal lattice of determinant D = det(A) defined over

is
| D
dp,min(A-) == T.
aK

Proof: Let{wi,...,wyn}beabasisof Zandz = ) " | \jw; for
\i € Z ¥i. We have from (1)
> o Aivagoi(w)

n

dp(x) =[]

j=1 li=1
n n

= ” NCT E Aiw;
j=1 i=1

= H lves] H 7 (ZAJJ)‘
1=1 J=1 =1

(5]
=1

Since det(A) = N(a)dx N(Z)? (see [1]), we find that N(a) =
D/N(I)%d, so that we conclude, using Lemma 1, that

dp,rnin(l\) =V —N’(@) HlEHIl JV(;I‘V)

D min, ez N(x) D
=y =1/ O
d i N (I ) di

Remark 1: In order to compare different lattices, we normalize the
determinant D to be 1, so that dp min = 1/+/di . It is also useful to
consider d'/". in order to compare lattices of different dimensions.

p,min

=4/ N(a)

B. The Rotated Square Lattice as ldeal Lattice

We say that the Z" -lattice is realized if the matrix of the trace form
gives the identity matrix. Equivalently, we say that the trace form is
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isomorphic to the unit form. The corresponding generator matrix given
in (1) becomes an orthogonal matrix (M ™' = M?).

Let us consider here as a simple example, the case of quadratic
fields realizing rotated square lattices. Let K = Q(v/d) with a
square-free positive d. Let {1, w} be an integral basis of Ox, then the
corresponding lattice generator matrix is

1 1
M= (w a(w))'

It can be easily verified that | det(}])| = +/d k. If there exists a totally
positive element o such that N(a) = 1/ det(M)?, we obtain the ro-
tated square lattice generator matrix

R = M diag (Va, \/o(a))
since there is only one unimodular lattice in dimension two [6]. A

sufficient condition for the existence of the above « is given by the
following.

Lemma 2: Let m be an algebraic norm in K. If there exists a unit

u such that N(u) = —1, then there exists a totally positive element
with algebraic norm m.

Proof: Let 3 be an element of given norm m. If o;(3) > 0 for

i = 1,2, we are done with « = 8. If 61(3) > 0 and 02(3) < 0, we

take & = [3/u. In the other cases, we take « = —3 or a« = —j3/u,

respectively. O

A family of quadratic fields with the desired property is given by
K = Q(./p) for all primes p such that p = 1(mod 4), [10, Corollary
2, p. 182]. For example, we obtain the square lattice for Q(\/E) with
o = 1/(\/3u), where u = (1 4 +/5)/2. Note that the square lattice
may also be obtained from other quadratic fields, e.g., Q(+/2), with
o = 1/(2\/§u),whereu =w=1+4+2

Finally, we note that using the above technique we find all the pre-
vious two-dimensional rotations given by [3], [5].

The two constructions that we present in the following sections are
particular realizations of Z" -lattices as ideal lattices in higher dimen-
sions. In the cyclotomic case, 7 = O and @ = (1 = ¢)(1 = (™),
where ¢ is a primitive root of unity. In the cyclic case, Z = A such that
A? = DR}Q and o = 1.

IV. THE CYCLOTOMIC CONSTRUCTION IN DIMENSION . = (p — 1)/2

We consider the construction of rotated Z" -lattices on the ring of
integers of the maximal real subfield of a cyclotomic field.

Letp > 5beaprime,n = (p—1)/2,and ( = (, = e 27/?
be a pth root of unity. The lattices are built via the ring of integers of
K = Q(¢ + ¢™1), the maximal real subfield of Q(¢), whose integral
basis is given by {e; = ¢’ + (7/}’_,. These notations will be used
throughout the correspondence.

Proposition 1: Leta = (1 — ¢)(1 = ¢™") then
B Tr(oxy)
p

is isomorphic to the unit form (1,..., 1) of degree n.

Proof: The proof is a direct computation. We compute Tr(axy)
in the usual integral basis of @(¢ + ¢™'). From the matrix that we
obtain, we find a new basis where ;—) Tr(awy) is exactly the identity
matrix. Let

a=(1-O(1=¢CH=2-(C+¢Y ©)

and denote 0;(¢) and aj = () for j = 1,...,n the conjugates of
¢ and «, respectively. Finally, define ¢(x, y) = Tr(axy).
Note that

Te("+¢) =D 0+ =-1,  VYE=1...n ()
j=1
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Using (3) we have

n

Yo ajoi (T =02 =0T (T
j=1

j=1

— _2_2a_j(CkJrl+<7k71+<7k+1+<k71)

7=1
[ —241-2n=—p, ifk==£1(modp)
Tl =2414+1=0, otherwise.

“

We now compute ¢(e;,e;) fori = j and i # j using (4) and (3)

q(ﬁk,ek)zza’jo.],(<2k+(:_2k+ 2)
g=1

:Z(thj(C2k+C72k)+2 Z(?—J]‘(C-i-éﬁl))
j=1 J=1

_Jp
2p,

qler,e;)= Z anon(¢CFH D) 4 Z anap(CFT ¢

h=1 h=1

= _pW
0,

if k=n,ie, 2k=—1(mod p)
otherwise.

if|k—j|=1
otherwise.

Let Q(x,y) = _Tr(azy). Then the matrix of @) in the basis
{e1,...,en} is given by
2 -1 0 0
-1 2 -1
0 -1 2
.o—1 0
-1 2 -1
0 .- 0 -1 1

This matrix is isomorphic to the identity matrix. In fact, it is enough to
choose a new basis {e!,.... e, } where e, = e, and e = e; + ey,
j=1,...,n—1.

The corresponding rotated Z" -lattice is obtained as follows. Con-
sider the n field embeddings defined by

i —kj 2mwkj
or(e;) = ij +C ki = 9 cos <%)
then the lattice generated by the ring of integers has the n x n generator

) . The twisting element

matrix M with elements My ; = 2 cos “pﬁ

can be represented by the diagonal matrix
A = diag (\/ak(a)) .

The basis transformation matrix from {e;} to {¢}} is given by

1 1 - 1 1
0 1 1
T=1: ,

o 0 - 0

Finally, the rotated Z" -lattice generator matrix is given by

1
R=—TMA.
VP

Following the above recipe we constructed rotated Z" -lattices for n =
2,3,5,6,8,9,11,14, 15,18, 20,21, 23, 26, 29, 30, ... ..
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By Theorem 1, the minimum product distance is given by
D

n—1 3 )
dp,ulin = 1/\/ d]\" = p_T, since d]\" = ]]T = p’l_l[l3],

V. THE CYCLIC CONSTRUCTIONS

Let K be a cyclic extension of @ of prime degree n > 2. Based on
[8], we consider lattices constructed using the ideal A of Ok such that
its square is the codifferent, i.e.,

A% =Dyl )

Since a Galois extension of odd degree is totally real, we construct
rotated Z" -lattices with full diversity L = n. The construction in [8]
shows there exists a trace form over .A which is isomorphic to the unit
form up to a scaling factor. Let p be an odd prime. Depending on the
ramification of p in Ok , we derive three different classes of lattices.

1) Case I: p > n is the only prime which ramifies.
2) Case II: p = n is the only prime which ramifies.
3) Case III: there are at least two primes p; and p2 that ramify.

We present and illustrate these three constructions which result in prime
dimensional lattices not available from the cyclotomic constructions.

For a given odd prime dimension n we prove that one can always
select an odd prime p satisfying some conditions such that we fall into
either Case I or Case II or two odd primes p; and p» such that we
fall into Case III. Thus, the knowledge of p (or of p; and p2) and n
is sufficient to construct the desired lattice. We emphasize the fact that
we do not need explicit knowledge of K. More precisely, we prove
that given n and p two odd primes, there always exists a cyclic field
K of degree n where only p ramifies. Note that the implementation
of the construction algorithms requires the support of a computational
algebra package such as KANT ([15]) or PARI ([16]).

The ultimate goal is to select for each dimension a construction
giving the largest dp min.

A. Case I: Only p > n ramifies

If only the prime p > n ramifies in ', we can embed I into the
cyclotomic field Q((), where ¢ = (,, is a primitive pth root of unity.
Denote G = Gal(Q(¢)/Q) the Galois group of Q(¢) over Q. Then G
is cyclic of order p — 1. Let o be a generator of G. Since [Q(() : K] =
=L the element ¢ is a generator of the cyclic group Gal(Q(()/K)
(see Fig. 2).

Let r be a primitive element (mod p) (i.e., 7"~ = 1(mod p) and
p—11is the smallest integer having this property), o = Z;OI (1-¢ rt )s
m = 2L and let A be such that A(r — 1) = 1(mod p).

Note that

r” = —1(mod p).

According to the definition of r, we may take o as

o:(— (.
Lemma 3: The following equalities hold:
a) o(a) = —¢P ta.
b) o((ta) = —Cta.
Proof of a):

m—1

[a-c"

k=0

a(@)

m—2

1-07'a-o J[a-¢"Ha-¢™
k=0

=(1-07'"1=-¢Na=-¢""a.
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Q)
<ot > 2t
<o>|p—1 K
n
Q
Fig. 2. Extension tower for Case I.
The last equality derives from
1—¢!

(1-07'1-¢h= e R

Proof of b): Using the previous equality and the definition of A,
we have

(o)== ) = =Ca O

Lemma 4: ((*a)? = (—=1)"p.
Proof: Recall that the cyclotomic polynomial of degree p — 1 is
given by

2

‘b(m):m”—1 42"+ 441

= [[G ="
k=0

Evaluating for # = 1, we obtain

p—2 m—1 m—1 .
p=[[a-¢H=T[a-¢) J[a-¢™)
k=0 k=0 7=0

m—1 .
— (_1)7710{2 H C—r-7 _ (_1)7710{'2(2)\-
J=0

m

The last equality holds since
m—1 1—7

¢ = ¢

and A is the inverse of 7 — 1 (mod p). d

"

The construction is given by the following.

Proposition 2: Define z = (*a(1 — ¢) and

p—

1
o
" (z2).

v =Trgueyx(2) =Y
j=1
Then we have TrK/Q(m(rf(m)) =60,p%,t=0,...,n—1.

Proof:
Tereqlaa (x))
n—1 n—1 p;l
= Z o {wo'(2)} = Z Z o T () T (2)
a=0 a=0 ¢,j=1
(Lemma 3)
SN Ca=¢ T E) T Ca=¢ T
a c,j
= (D) YD) DAY (=TT a=¢ T
(Lemma 4) l
=(D)'D)"p Z(—l)c Z <Z(—1)j(1— ¢t
c a J

;. pattin ratenatttin
- Y (=1(¢ - >> :
7
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We notice that the first term in parenthesis is () because there are as
many 1’s as —1’s in the sum over j. Using the same principle, the term

aft+jn .
¢ also disappears because of the sum over ¢, so that we have

TI’](/Q(JTO’t(;L’)) :(_1)t+mPZ(_1)C Z(_l)eraJrcﬂ fretttin )
c a,j

(6)
The following identity holds:
p—1
- - i patenyatttjn ratndtnk | atttnk
DD T = -
c=1 a,j

a,k
Z Z C(rnd+7‘i),"a+kn
d a,k

and can be proved by letting all the indexes run through all summation
terms to verify that they cover the same set of exponents of ¢ (mod p).

We note that 7*7*" fora = 0,...,n — 1,k =1...., =L takes on
nd
the values s = 1,...,p — 1, so that denoting w4, = ¢t +'"t), we
have
d .t k4 p—1
d -(r™ pypnETae d s
PG DA S N C Vi N PR ¢)!
d a,k d s=1
where
p—1 .
Zws _ p—]., lfJ,’H"[:l
g ot -1, otherwise.

In order to evaluate (7), we distinguish the two different cases. The case
waq,+ = 1 appears when

v d t
7“77 m-

+7'=0(modp) &1 =r (mod p)

st=nd—m+k((p-1).

As n divides the term on the right,  needs to be a multiple of » which
belongs to {0,...,n — 1} and we conclude that we must have ¢ = 0.
The case wq,: = 1 is then reduced to

C"nd'H =lemi=-1 (mod p)

1
od=k (p ) k2 odd

2n

])1

implying that k> = 1l and d =
ifand only ift = 0 and d = -

9n :
Thus, the second case appears when ¢ # 0 and we obtain

. We conclude that this case appears

p—1 p,_il
t+mpz dzwsf— _1)t+mpz(_l)d(_l):0
s=1 d=1

while for ¢ = 0 we have

p—1
(=1 Y (=1 wi
d s=1

p—1
n

>

d=1,d# 2L

= (-1)™p (=D =1+ (=1)"p(-1) 7 (p— 1)

=p+pp—1)=p”.
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TABLE 1
EXAMPLES OF PARAMETERS FOR CASE I:
THE * MEANS THAT K = Q(¢, + ¢ ')

n P r A
3* 7 3 4
3 13 2 1
5% 11 2 1
5 31 3 16
7 29 2 1
11* | 23 5 6
11 67 2 1
13 53 2 1
17 | 103 5 26
19 | 191 19 138
23* | 47 5 12
29% | 59 2 1

—1
For the last equality, note that (—1)™+"Z% = 1 since the exponent is

always even, and that

=™ Y (D=1
d=1,d# 21
_{( ™t (=1)=1, ifp=1(mod4) (m even)
T (=)™ (1) =1, ifp=3(mod4) (m odd).

This proves that

T S b 3 e

d a,k
{0H
= 2
r,

1) Construction Algorithm: The previous result gives a concrete
method to construct = such that

ifwge =1,1e,ift #0

O
else, i.e,if t = 0.

1 )
p—le‘K/Q(l’Ut(I))

is isomorphic to the unit form. The lattice matrix can be constructed as
follows.

1) Choose a prime dimension 7.

2) Compute p such that p = 1 (mod n).

3) Compute 7 and X as given in the definition.

4) Compute v and = in the basis {1,¢, ..., (P2} of the cyclotomic
field.

5) Compute x and its conjugates in the basis of the cyclotomic field.
This can be done using o : ( — (" and o™ : ( — "

6) Compute M the matrix of the lattice, which contains as first
column o' (), i = 0,...,n — 1 and as other columns a cyclic
shift of the first column. In order to have the numerical values
of the matrix, we need to replace ¢ by ¢*™/?_ Note that M is a
circulant matrix.

7) As afinal step, we need to normalize the matrix to get the deter-
minant equal to 1.

Examples of parameters are given in Table I. The lattices in dimen-
sions marked with a * coincide for certain p with the ones built in Sec-
tion IV from K = Q((, + ¢ ').

Note that the value of p is not unique and that any choice of p sat-
isfying p = 1 (mod n) will give a well-defined cyclic field I'. More
precisely, we get the following.
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Q Cn"‘)
n-—1

<o" >

<o> n(nfl)K

Fig. 3. Extension tower for Case II.

Lemma 5: Let n be an odd prime. If p is an odd prime satisfying

p = 1 (mod n), then there exists a cyclic field K of degree n such that
p is exactly the only prime which ramifies in I.

Proof: Let G be the cyclic subgroup of Gal(Q((,)/Q) generated

by ¢™ of order (p — 1)/n, which is an integer since p = 1 (mod n).

Let K = K be the subfield fixed by G. The extension K/Q is a

Galois extension because Q((,,)/Q is cyclic. Furthermore, K inherits

the property that p is exactly the only prime which ramifies from Q((,)

(see [13]). O

2) Example: We give a complete example to illustrate the method.

1) We choose the dimension n = 3.

2) We compute a p such that p = 1(mod 3) and choose p = 13.
These two parameters determine the field /i’ in which we will
work. Note that we do not need to know it explicitly, but in this
case K = Q(8) where 6® — 6 — 46 — 1 = 0. It has discriminant
132 which shows that actually only p = 13 ramifies in K.

3) We compute » = 2 and A = 1.

4) In the basis {1,¢,..., M} of Q(¢), where ¢ = (i3, we get
z=(3,1,4,0,2,4,2,2,2,0,2,4).

5) We compute

z=0"(2)+ 0" (2)+ " (2) + " (2)
where 6™ : ¢ — (" = ¢°. Then we get

x=(5,0,3,3,-1,0,-1,-1,0,-1,3,3).
Using the fact that o : ( — ¢*, we have

o(x) =(6,0,1,1,4,0,4,4,0,4,1,1)
and
o’ () = (2,0, -4, —4,-3,0,-3,-3,0, -3, —4, —4).

6) Replacing ¢ = ¢2*™/'3, we compute

x o(z) o*(x)
M= o(x) o*(x) x
o (x) x a(x)
7) Normalize by 1/p
1 0.90636 —0.24824 0.34188
R= EJW = | —0.24824 0.34188 0.90636
' 0.34188  0.90636 —0.24824

B. Case II: Only p = n ramifies

If only the odd prime p = n ramifies in /', we can embed I{ into
Q((,2), where ji = (2 is a primitive n>th root of unity. Denote by &
the generator of Gal(Q(y)/Q). If r is an element such that »"("~1) =
1 (mod n?), where n(n—1) is the smallest integer having that property,
then o may be defined as & : ¢ — u” (see Fig. 3).
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Proposition 3: Let

n—1
T = Trguy/k () = Y o™ ().
j=1

Then
Trg o((L+T)o' (1 +T)) = b0, t=0.....n—1.
Proof:

Tricj((1+T)a' (1+1T))

= Y o (14 T)o' (1 4T))

n—1

DL+ HT) + 0" (T) + o™ (T)o"(T)]

a=0
n—1 n—1
= XS+ 3 S )
a 3=1 a 3=1
n—1
a+ny a+t+kn
+Y > " (e (1)
a j,k=1
n—1 ing n—1 g n—1 oy itk
.a nj patng ratniypae 30
DD MIREE 3 DIARE 3 B!
a j=1 a j=1 a j,k=1
n(n—1)—1 n(n—1)—1 n—1
- Z Nrs+t+ Z ;JTS+Z 2#7,a+71d+71c+7,a+t+c71
s=0 s=0 a d,c=1

The last equality is true because the set of values a + nj for a =
0,...,n—1,7=1,...,n—1listhesameass =0,...,n(n—1)—1.
The change of variables in the triple sum can be verified by enumerating
the values taken on by the different powers as in the previous section.
Since

n(n—1)—1

Trou/e(m= Y

n(n—1)—1

=Y w=

n(n—1)—1

Z #,,5+1 -0
s=0

s=0
we obtain
n—1n(n—1)—1 L
Tro((L+T)o'(1+T)) =n+ Z Z prm
d=1 s=0
n—1
=n+ Y Trgu/elwad) (8

d=1

nd_ t . .
wherewy , = p" + " The expression Trq,)/q(wq,:) in (8) can take

on three different values depending on wg ¢
D wie =1= Trouy/@(wa) = n(n — 1),
2) wa, is an n”th primitive root of unity = Trg(,) /o (wa,¢) = 0.
3) wq,¢ is a root of unity which is not primitive: wq ¢ is of the form
p*1" ki = 1,...,n — 1, which is an nth root of unity =
Trquy/@(wa) = —n.
To prove the proposition we distiguish the two cases ¢ = 0 and ¢ # 0.
In each case, we determine whether wq ¢ is primitive or not.

* First case: t = 0.
We have that wq ¢ = 1 only in this case. In fact

" 47" = 0(mod n?)
(n—1)

I n
<— t=nd—
2

and it occurs for d = (n — 1)/2

4+ kon(n—1) < t=0

n—1
5

"= —1 (mod n?) = d =
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n—1

We now verify that when d # 5 Wd,t is a primitive root of
unity. Suppose it is not primitive, then

" 41 = 0(mod n?)
n—1

n—1
n

=1 = O(modn) = d= 4+ ks

Since d > n — 1, we must have k3 = 0, which gives the case
wq,+ = 1. Putting all together, we obtain

n—1n(n—1)—1

n +Z Z /l,(rmu_rt)rs =n+n(n—1) :77/27 fort = 0.
a=1 =0

e Second case: t # ().
We determine the primitive roots of unity

d t
P 47

t—Fk -1
4+77

n 2 + R

=0(modn)=d=
We need to take k4 = t (since d > n — 1, we cannot take
ks = t + Eksn). Thus, there is only one d such that wq ¢ is not
primitive. Putting all together, we obtain

n—1 rL(n—l)—l
ndy ty.s
u(r O =y =0, O

1) Construction Algorithm: We give a construction procedure as in
the previous case.

1) Choose a prime dimension 7.

2) Compute r such that r" =1 =1 (mod n?) and that n(n — 1)
is the smallest integer k such that #* = 1 (mod n?).

3) Compute 1+ 1" and its conjugates in the basis of the cyclotomic
field. This can be done using o : p — p” and o™ : ju — p’ .

4) Compute the lattice generator matrix A/ and the normalized lat-
tice generator matrix .

2) Example:

1) Take n = 3. This corresponds in fact to the field K = Q(8)
where 8% — 36 — 1 = 0, whose discriminant is 3*.

2) r = 2.

3) In the basis of @({s ), we compute 1 + T and its conjugates

1+7=(1,1,-1,0,0,-1)
c(14+7T)=(1,-1,1,0,-1,0)
c?(14+T)=(1,0,0,0,1,1).

4) Finally
1 0.84402 —0.29312  0.44909
R= §M = | 0.44909  0.84402 —0.29312
—0.29312  0.44909  0.84402

C. Case IlI: At Least Two Primes Ramify

Suppose now that K contains at least two primes that ramify. We
will use two fields where only one prime ramifies as bulding blocks to
construct K.

Lemma 6: Let n be an odd prime. Take two distinct odd primes
p1,p2 such that p; = 1 (mod n), but p; Z 1 (mod n?),i =1,2. Let
K be a cyclic field of degree n such that p; and p» ramify. Then K is
contained in the compositum K'; ' of two fields such that I{; is the
cyclic field of degree n where only p; ramifies, i = 1, 2.

709

Q(Cl’:)

K,
X

n? Ko
prd

Q

Fig. 4. Extension tower for Case III.

Proof: Since p; = 1 (mod n), i = 1,2, we have the extension
tower of Fig. 4. It is clear that K is a subextension of Q((p, », ). What
is left to prove is that K’ C K1 K». Let G = Gal(Q((p,p,)/ Q).

G=Z/(pr -2 % Z)(p2— 1)2Z
~ C % Co ><Z/<plT_l>Z><Z/<p2—_l)Z.

n

Recall that an Abelian group has a unique decomposition into its Sylow
subgroups. G is thus the direct product of a Sylow n-subgroup and of
Sylow p;-subgroups where (p;,n) = 1.

Let H = Gal(Q((p,p,)/K1K>2). H is a subgroup of G of order
pi=tr2—l Because (|H|,n) = 1, we deduce that H corresponds to

the direct product of the Sylow p;-subgroups of G’ where (p;,n) = 1.
Let I = Gal(Q((p,p,)/K) a subgroup of G. As I is of order

(pr =Dp2—1) _ =1 =1
n n n

this implies that I contains a subgroup .J of order "1,71_1 221 We use

n

the same technique as before to obtain that .J is also the direct product
of the p; Sylow of G where (p;,n) = 1, so that H C I, implying that
K C K\ K.,. O

Remark 2: 'We do not prove the case when p; or p2 is equal to n,
which can be handled in a similar way by replacing Q((p,,) with

Q(Cpyn2)-

Proposition 4: Let K, K> be two disjoint Galois extensions of @,
whose discriminants are relatively prime.

Let G; = Gal(K;/Q) fori = 1,2 and G1 = (o), G2 = (7) be
cyclic of order nn. Let ' C K’y K> be another cyclic extension of order
n. If there exist #; € K;, ¢ = 1,2 which satisfy

1) Tr;\»l/Q(;L’lat(wl)) =bopl, t=0,...,n—1

2) Tri,q@(x27(22)) = b0,4p3,
then there exists @ € I, given by # = Tryc, i, /i (122), such that

Trrc/q(ay' () = 60.4P1 P53,

where (v) = Gal(K/Q).
Proof: We will use the fact that

TI.'[(1 ](Q/Q(:L'lwg) = Z Z O'ij(.I’1:L'2)

k=1y=1

= Z(J‘k(xl) ZTJ(J}Q)
k=1 j=1

= TI'Kl/Q(‘T"1 )TI‘KQ/Q(J?Q ).
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K1 Ky
<7T> m <o>
n <o™T>|n n
Kl K KQ
To<y>|n n
<o> <7T>

Fig. 5. Detail of the extension tower for Case III.

Let 1 < m < n — 1besuchthat (¢™7) = Gal(K1K>/K) (see
Fig. 5). Choose v = ¢~ ™7 as generator of Gal({'/Q). So

n—1
x = Z(JmT)b(.’L'liL’z)
b=0
n—1
2y (x) = Z " (2) 7 ()T e () T T ()
b,e=0
n—1
= Z a"’b(ma'"(”_t_b)(m))Tb(ngHC_b(:ra))
b,c=0
and

nTrr/q(avy'(z))
= Tri, /(27 (2)

n—1

Z TI‘A’II{Z/Q(JWLE)TIJ[(gjlo_wn(c—t—b) (Il))(IQ Tu-‘,—t—b(xz))])

b,e=0

= Z TrKl/Q(mlam(C_f'_b) (.771))TrKQ/Q(,rgTC'H_b(mz)). 9)

b,c

Finally, the terms in the sum of (9) are different from zero only when
m(c—b—t) =0andc+t— b= 0, which is equivalent to ask that
t = 0 and ¢ = b. This means that (9) is nonzero if and only if ¢t = 0,
and it is equal to npip3. O

1) Construction Algorithm: 1f we know that two primes p; and p»
ramify in a cyclic field i of prime degree n, we know how to find
an element # € I{ which gives the unit form. Note that no explicit
knowledge of X is required to construct the lattice.

1) Choose a prime dimension 7.

2) Choose pi and p that satisfy the hypotheses.

3) Compute x;, 2, and their conjugates using the previous
techniques, and embed them into @Q({p,p,) if p2 > n or into
Q(Cp1n2) ifpz = n.

4) Compute 2 using the knowledge of o'(x1) and 7*(z2), t =
0,00, n— 1.

group Gal(K/Q) of order n must be carefully selected among
the subgroups of order n of Gal(K1 K>/Q).
6) Compute the matrix R.
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2) Example: As an example, we use the two cases computed
previously.

1) Choose the prime dimension n = 3.

2) Choose p; = 13 and p2 = 3.

3) Let ¢ = (i17. In the basis of Q(() of degree 72, we have for
example that

z; =(5,0,0,1,0,0,0,0,0,0,0,0,-3,0,0,0.0,0,3,0,0,
-3,0,0,0,0,0,3,0,0,0,0,0,0,0,0,-1,0,0,0,0,0,
1,0,0,0,0,0,0,0,0,0,-3,0,0,-1,0,0,0,0,0, =3,
0,0,-1,0.0,0,0,0,0,0,0).

Similarly, we embed x> into @(().
4) We compute = = 2122 + o (1) 7(x2) + o (21)7? (22), which
gives

x=(13,5,-9,0,-2,7,0,2,0,0,7,-9,0,—3,7,0,0,2,0,0,
~2,0,-2,2,0,-5,3,0,7,-9,0,0,0,0, —5,2,0,7,
~17,0,5,-7,0,0,7,0,2,—7,0,0,—7.0,—4,7,0,7,0,0,
~2,-2,0,0,9,0,0,-3,0,0,—7,0, —5,2).

5) Using the generator v : ¢ +— ¢*° of Gal(K/Q), we compute
the conjugates of x.

6) Finally
0.55329  0.76837 —0.32166
R =1 -0.32166 0.55329  0.76837
0.76837 —0.32166  0.55329

D. The Minimum Product Distance

Since the ideal A given in (5) is principal in all the cases and di-
mensions that we consider, we can give the minimum product distance
using Theorem 1, namely, dp, min = —~—. Some numerical values of

) K

dp,min for the Cases I and II are reported in Table II.

‘We have seen that for each prime dimension n, several constructions
of lattices are avilable, all yielding maximum diversity. The minimum
product distance gives us a way to rank them. For example, for n =
5, we can build the following lattices depending on the choice of the
primes p:

1) only 11 ramifies, with d, = 1/121 (Case I);

2) only 31 ramifies, with d, = 1/961 (Case I);

3) only 5 ramifies, with d, = 1/625 (Case 1);

4) 11 and 31 ramify, with d, = 1/(121 x 961) (Case III);

5) 11 and 5 ramify, with d,, = 1/(121 x 625) (Case III).

Since our aim is to maximize the d, min, in this example, the best
choice is to take the first construction in the preceding list, i.e., when
only one prime ramifies, this prime being the smallest possible. This
appears to be true in general.

Proposition 5: For a given prime dimensionn > 2, the construction
of Case I, with the smallest possible p maximizes the minimum product
distance.

Proof:

1) We first show that the discriminant of K in Case lisdx = p”~'.
Since p is totally ramified in K, pOy, = p™. This implies, since
p t n,thatp™ ' {Dy /g but p" 1 Dy ql13]. Thus, from Fact 3,
we have N(Dg/q) = dr = p" =", since Dk = p"~'. In
order to maximize d,,min, One has to take the smallest p > n
that ramifies. This also shows that Case III is always worse than
Caselasdr = (pip2)"~".



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 4, APRIL 2004

TABLE 1I
SOME MINIMUM PRODUCT DISTANCES FOR CASES I AND II,
N Is SucH THAT K C Q(¢w)

n N di dp,min "\/ dp4,min
3 7| 7 1/7 | 0.522757958
3| 13| 132 1/13 | 0.425290370
50 11| 11*  1/11% | 0383215375
50 31| 31*  1/31% | 0.253195115
70 29| 29°  1/29% | 0.236188093
11| 23] 23 1/23% | 0.240454440
1| 67| 671 1/67° | 0.147899259
13| 53| 532 1/53% | 0.160022248
17 | 103 | 103'® 1/103% | 0.112923019
19 | 191 | 191"  1/191° | 0.083082682
23 | 47 | 472 1747 | 0.158599211
29 | 59 | 592  1/59' | 0.139670898
3 9| 92 1/9 | 0.480749856
51 25| »5° 1/5% | 0.275945932
49 | 72 1/7% | 0.188638463

2) Using the same technique as in the previous case, we find
p"|Dx s, but now we can have p* |Dxq. for k > n. Consider
the transitivity formula for the different [13]

Dacoy/@ = Do)k Pr/Q- (10)
Denote p = (1 — ¢)Ogq(¢), x = p N Ok and note that
POy =»" "
n(2n—3)

as p is totally ramified. It is known that Dg¢)/@ = b
and that D¢y x = p™2[13]. From (10) we then obtain that
2(n—1)2 _ (pnfl)Z(nfl) — p2£1171)'

K

Drig=1p
From Fact 3, we have

r / n—1) 2(n—
dg = N f\’/Q(p% Dy =prnh,
It follows that as long as n? > p (true for n > 2), the minimum
distance is smaller than in the case where p > n. O

VI. MIXED CONSTRUCTIONS

Here, we present a technique to combine the previous constructions
to build rotated Z" -lattices in higher dimensions.

Proposition 6: Let K be the compositum of N Galois extensions
K; of degree n; (i.e., the smallest field containing all ;) with coprime
discriminant i.e., (dr;,dr ;) = 1,Vi # j. Assume there exists an «a;
such that the trace form over K’;, Tr(a;zy), is isomorphic to the unit
form (1,...,1) of degree n; for j = 1,..., N. Then the form over I\’

Tr(aizy) @ --- @ Tr(anzy)
is isomorphic to the unit form (1,. .., 1) of degree n = H;\Il nj.
Proof: Let us consider the case X' = K;K,. Denote by
{wi,...,wn, yand{w,. .., w,,} theintegral bases of K1 and K>, re-
spectively. Since Ky and K, are Galois extension over ¢ with coprime
discriminants, we have that {w;w}, | j = 1,...,n1, k= 1,...,n2}
defines a basis for O [13]. We conclude using the fact that

Trg/qaiwiwsan wpwy) = Trr, sqarwiw;)Trg, yq (e wrwr).
O

TABLE III
MINIMUM PRODUCT DISTANCES FOR THE MIXED CONSTRUCTIONS

n dp,min 2/ dp,min n dp,min 2/ dp min
4 1/(5-8) 0.39763536 || 22 1/\/5112320 0.16080157
6 1/v5374 0.34958931 24 | 1/V/7161721 0.15134889
10 | 1/v/5511%8 025627156 || 25 | 1/(5%°11'%)  0.10574672
12 | 1/v/561310  0.22967537 || 27 | 1/V/7181924 0.14124260
15 | 1/v/7101112  0.20032888 | 28 1/v/5142926 0.14005125
16 | 1/v58171%  0.19361370 || 30 | 1/4/11241325  0.13161332
18 | 1/v/591916  0.18068519

The lattice generator matrix can be immediatly obtained as the
tensor product of the generator matrices R corresponding to the
forms Tr(ajzy), forj =1,..., N

R=RY®...@R™Y,

In the particular case of the cyclotomic construction, Proposition 6

yields.

Corollary 1: Let m = pi---py be the product of N distinct
primes, (; = e 27/Pi forj = 1,..., N and K be the compositum of
Ej=QG+¢ "),  Jj=1...N

(i.e., the smallest field containing all K;). Leta; = (1—(;)(1— C]-’l)
then

1 1
— Tr(ai2y) @ --- @ — Tr(anzy)
p1 PN

is isomorphic to the unit form (1, ..., 1) of degree

=T - v/

j=1

Corollary 1 generalizes the cyclotomic construction to Q((o, ),
where m is a square-free product of primes. We are now able
to construct rotated Z"-lattices in other dimensions such as
n = 10,12,16,22,24, 27,28, . ...
The only missing dimensions below 30 are 4 and 25 and can be
completed with the aid of Proposition 6.
1) The case n = 4 can be obtained combining the two rotated
square lattices constructed in Section III-C.

2) The case n = 25 can be obtained combining the two rotated
Z" -lattices of dimension 5 constructed using Case I and Case II
of the cyclic constructions.

A. The Minimum Product Distance

For the mixed construction, we have the following.

Proposition 7: Let K = I{; Ky be the compositum of two Galois
extensions of degree n; and n2, with coprime discriminant. The dis-
criminant of K is dx = d d}2, where m; = [K : ;] = n/n;,
j=12.

Proof: Since Dy ;g = Dy, @Dk, /q (see [13]), we directly
deduce that

Nr/@(Dr/@) =Nr/(Dry /@) Nk/o(Dryy/@)
=Nr/@(Dryy@)™ Ny j@(Dreyy@)™

which proves the result, recalling that N ;¢ (Dk /Q)=dxK. O
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TABLE 1V
COMPARISON OF THE VALUES OF m FOR CYCLOTOMIC, CYCLIC, AND MIXED CONSTRUCTIONS
n | Cyclotomic constructions | Cyclic constructions | Mixed constructions
2 0.66874030 - -
3 0.52275795 0.52275795 -
4 - - 0.39763536
5 0.38321537 0.38321537 -
6 0.34344479 - 0.34958931
7 - 0.23618809 -
8 0.28952001 - -
9 0.27018738 - -
10 - - 0.25627156
11 0.24045444 0.24045444 -
12 - - 0.22967537
13 - 0.16002224 -
14 0.20942547 - -
15 0.20138689 - 0.20032888
16 - - 0.19361370
17 - 0.11292301 -
18 0.18174408 - 0.18068519
19 - 0.08308268 -
20 0.17136718 - -
21 0.16678534 - -
22 - - 0.16080157
23 0.15859921 0.15859921 -
24 - - 0.15134889
25 - 0.10574672
26 0.14825905 - -
27 - - 0.14124260
28 - - 0.14005125
29 0.13967089 0.13967089 -
30 0.13711677 - 0.13161332

As a direct consequence, we have that for the mixed construction

1
dp,rnin Y e
mi gmo
\/ dKl dK2

The numerical values for d;, min are given in Table III. We note that the
lattices in dimensions » = 4 and 25 have minimum product distance
1/40 and 1/(5%°11'°) given by Proposition 7.

VII. PERFORMANCE

A rotated Z" -lattice with diversity L is obtained by applying the
rotation matrix R to the integer grid Z", i.e.,

Zn,L = {m = uR, NS Zn}.

The finite signal constellation is carved from this lattice by restricting
the elements of u to a finite set of integers such as {+1,43,...,
+(27/2 — 1)}, where 1 is the spectral efficiency measured in bits per
two dimensions.

The newly constructed rotated Z" -lattice constellations have been
simulated over an independent Rayleigh fading channel of the form

r=gozx+n
where » = (r(,72,...7,) € R" is the received vector,
n = (ni,n2,...n,) € R" is a noise vector, whose real com-

ponents n; are zero mean, No/2 variance Gaussian distributed
independent random variables, g = (¢1,92,...9») € R" are the

Rayleigh distributed random fading coefficients with E[g3] = 1, and
© represents the component-wise product.

Performance of Z,, 1, depends on its modulation diversity L and its
minimum product distance dp min . Best minimum product distance lat-
tices among the families we considered are summarized in Table IV. A
few observations are appropriate at this point. When both cyclotomic
and cyclic constructions are available in the same dimension we find
the same values for d;, min, suggesting that the same field is used. The
mixed construction yields a higher d, min, only for n = 6.

For n = 3,5,9,11,15 ad hoc constructions were given in [5]
without the values of dp min. Since they are based on the field
Q¢ + (p_‘ ), they have the same dp, min as our cyclotomic construc-
tion (see Theorem 1). For the case n = 2™ given in [7], constructed
from the field Q((sn + Cg_nl ), our schemes result in higher d;, min, €.2.,
for n = 8 we find 0.28952001 against 0.26106844 and for n = 16
we find 0.19361370 against 0.18064760.

Figs. 6 and 7 show the bit-error rates of the rotated Z"™ constellations
for 7 = 2 and for the cyclotomic and cyclic constructions. For compar-
ison, the performance of a standard component interleaved quaternary
phase-shift keying (QPSK) over Gaussian and Rayleigh fading chan-
nels is reported in the figures. We can observe how the bit-error rate
performance over Rayleigh fading channel approaches the one over
the Gaussian channel as the diversity increases. Clearly, this gain is
obtained at the expense of a higher decoding complexity due to the
greater lattice dimension [9], [14], but no extra bandwidth is used.

VIII. CONCLUSION

In this correspondence, we constructed two families of full-diversity
rotated Z" -lattices using the theory of ideal lattices: one based on cy-
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Cyclotomic Constructions - QPSK (eta =

713

2 bit/symb)

le-01 T .
: QPSK AWGN —— |]
e PSK Rayl. -+ |]
o zZb_2,2 % |]
* - -
= b . Zb 3,3 e
le-02 S BB Zb 5,5 —-8-- |4
AT o ‘ 3
i Zb_6,6 --=- |7
: Zb 8,8 —-o-- [
) . ]
%, Zb 9,9 e ||
;: T Zb 11,11 -~ &
b e i Zb 14,14 —a— |3
> - 3
- - . Zb 15,15 -—-v-- []
SN K — ]
B, zb_ 18,18 v ]
g g X Zb 20,20 o= |]
~;\ \\\ T;\\ Zb 21,21 ——e--
le-04 : Sk 4
N Zb 23,23 ---e--- |3
Q N — .
- N Zb 26,26 ~~e-- |
L g E Zb 29,29 -0 [
\ R Zb 30,30 -~ |1
4 A ™ ;
le-05 Y . . L i
6 8 10 12 14 16 18 20
Eb/NO dB
Fig. 6. Cyclotomic construction with QPSK.
Cyclic Construction - QPSK (eta = 2 bit/symb)
le-01 .
QPSK AWGN — ]
: PSK Rayl. -—+-— []
Ze_3,3 x|
Ze 5,5 ¥
le-02 S Ze 7,7 ——8-- |4
T ze 11,11 w3
Ze_13,13 ~—o-- |7
Ze 17,17 e ||
4 Ze 19,19 &
ﬁ e Ze 23,23 —— |7
o | ze 29,29 —v— ]
X
le-04
X *
. H *
le-05 L ‘\\\ e
6 8 10 12 14 16 18
Eb/NO dB

Fig. 7. Cyclic construction with QPSK.

clotomic fields, the other based on cyclic fields. We also provided a
way of combining the constructions in order to obtain some missing
dimensions.

The performance in terms of minimum product distance is clearly
given by means of explicit formulas related to the field discriminant.
The cyclotomic constructions give better results when compared to the
cyclic ones in the same dimension. The cyclotomic (n = (p — 1)/2),
cyclic (n = p) and mixed constructions enable to build a rotated

Z" -lattice for all dimensions. We gave explicit numerical values for di-
mensions from 2 to 30. Future work will involve the search for optimal
rotated Z" -lattices in terms of maximal minimum product distance and
constructions of maximum diversity complex Z[i]" -lattices.
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Generalized Self-Shrinking Generator

Yupu Hu and Guozhen Xiao

Abstract—In this correspondence, we present a simple bit-stream gen-
erator. It is a specialization of shrinking generator and a generalization of
self-shrinking generator. We call it ““generalized self-shrinking generator.”
The family of such generated sequences has a group structure. The correla-
tion between the sequences is quite good and the sequences themselves are
balanced. For each k,0 < k < m,nomorethanl/ 2™7* of the sequences
have least periods less than 2*. No more than 1 /4 of the sequences have
least periods less than 2™~ *. There are two sequences with least periods of
2. There is no sequence with a least period p such that2 < p < n/2.

Index Terms—Least period, m-sequence, self-shrinking generator,
shrinking generator, stream cipher.

I. INTRODUCTION: DEFINITION AND SOME FACTS

Pseudorandom sequences have many applications in cryptography
(for example, stream ciphers) and communication engineering (for ex-
ample, code-division multiple access (CDMA)). The pseudorandom-
ness of a periodic sequence includes many factors, such as its least
period, its autocorrelation feature, its balance feature, its run distribu-
tion, etc. For stream cipher applications, another important factor for
information security, called linear complexity, should be considered. In
designing a periodic sequence for a stream cipher, an equally important
component is the ease with which it can be generated. For the sake of
pseudorandomness and simplicity, Coppersmith, Krawczyk, and Man-
sour [1] proposed a “shrinking generator.” Later, Meier and Staffel-
bach [2] proposed a “self-shrinking generator,” as a special case of the
“shrinking generator.” The definition of “self-shrinking generator” is
as follows.

Definition 1: [2] Leta = agayas ... be an m-sequence on GF (2),
with the least period 2" — 1. Output ay, if ax—1 = 1, or no output if
ar—1 = 0,k = 1,3,5,.... The output sequence b = bobi1bs ... is
called a self-shrinking sequence.

The self-shrinking sequence has many advantages in cryptography,
such as its simplicity for generation, balance, and period of no less than
2[/21 Tt is known that the linear complexity of a periodic sequence
is more than 2'~" if its least period is 2'. This means that the linear
complexity of a self-shrinking sequence is more than 2["/21=1 Black-
burn [3] gave concrete results about the self-shrinking sequence’s linear
complexity. Some cryptanalysis of self-shrinking sequence were given
by Mihaljevic [4], Zenner, Krause, and Lucks [5], and Krause [6].

In this correspondence, we present the “generalized self-shrinking
generator.” This concept is a specialization of “shrinking generator”
[1], and a generalization of “self-shrinking generator” [2]. The family
of generalized self-shrinking sequences has a group structure and in-
cludes self-shrinking sequence as a special case. The correlation feature
between the two sequences is quite good except that one is the comple-
mented sequence of the other. All such sequences are balanced except
sequences “00...” and “11....” Foreach k,0 < k < n, no more than
1/ 27k of the sequences have least periods less than 2% . No more than
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