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Correspondence

Performance of High-Diversity from obtaining precise performance results so that, in most cases,
Multidimensional Constellations simulation is needed. A first step in improving the accuracy of error

performance analysis has been made by the authors in [9] focusing

Giorgio Taricco,Member, IEEE and Emanuele Viterbo on two-dimensional schemes. In this work we extend the analysis

to multidimensional constellations and provide additional insight and
. ) some optimality criteria that can be helpful in the design for the
Abstract—Following the approach introduced by Cavers and Ho, the

X o . . Rayleigh fading channel.
performance of component-interleaved multidimensional constellations L . .
over the Rayleigh fading channel is evaluated analytically. Error proba- 1 N€ @pproach followed here is directly derived from [1]. The main

bilities are approximated by the union bound using an exact expression difference here is that we obtain a closed-form expression of the
of the pairwise error probability. Simulation results show that this bound pairwise error probability in terms of the parameters of the pairwise
can bg used' foectiv_ely as a design criterion for thg selegtion of high- arror event.
diversity multidimensional constellation over the Rayleigh fading channel. The system model considered here is described in Section II. Then,
Index Terms—Component-interleaving, modulation diversity, Rayleigh we briefly review the concepts of pairwise error probability (PEP)
fading channel, union bound. and Chernoff bound with reference to the application considered
here. In Section Il we calculate the exact expression of the PEP
for any multidimensional constellation with coordinate-independent
) . . ) . Rayleigh fading. Finally, we apply this exact expression of the PEP
The concept oimodulation diversitywas |ntroduced. n ,[2] aS a 15 calculate the union bound on the error probability of some rotated
way to enhance the error performance of communication SysteiS tidimensional constellations considered in [6]. Results obtained

over the Rayleigh fading channel. Several multidimensional sigr’gle compared to those obtained by simulation and by use of the
sets with high diversity order have been proposed to obtain substan&ﬂlemoﬁ bound in the union bound expression

gains over conventional modulation schemes in a fading environment
[3]-[5]. Modulation diversity can also be viewed as a special form of
signal space coding producing highly efficient (in terms of bandwidth
and power) schemes over the fading channel [6]. We consider a communication system with ideal (infinite-depth)
The modulation diversity order of a signal set is defined as tlg@mponent interleaving over a Rayleigh fading channel, unaffected
minimum number ofifferentcomponents between any two distincdy intersymbol interference or any impairment other than additive
points of the set. This definition applies to every modulation scherdite Gaussian noise (AWGN). Let = (1, x2, ---, z,) denote
and affects its performance over the fading channel in conjunctiérfransmitted signal vector from a givendimensional constellation
with component interleaving. By use of component interleaving, fad- Received signal samples are then given by
ing attenuations over different space dimensions become statistically
independent. An attractive feature of these schemes is that we have
an improvement of error performance without even requiring the usée coefficientsy; are (real) independent Rayleigh-distributed ran-
of conventional channel coding. dom variables with unit second moment (i.B[g?] = 1) representing
As for other types of diversity such as space, time, frequency, atiee fading coefficients and; are real Gaussian random variables
code diversity, for increasingly high modulation diversity order, thevith mean zero and varianc¥, /2 representing the additive noise.
performance over the fading channel approaches that achievable oder also set
the Gaussian channel [7]. Thus we may say that the fading channel

. INTRODUCTION

Il. SYSTEM MODEL

yi = gixi + n, fori=1,2,---, n.

is converted into a Gaussian channel (to a certain extent) and coding 9=1(g1: 92,5 gn)
schemes which are good for the Gaussian channel can be applied to n=(n1, ny, ~*r, Ny)
constellations with high diversity order. and

One possible way to obtain multidimensional constellations of high ¥=(y1, Y2, - Yn)

diversity order is to resort to constructions based ondheonical
embeddingf algebraic number fields, which were first considered iand write, more compactly = g © z + n.

[2]-[5]. Another approach is based on the rotation of conventional The coefficients;;’s are independent because of the infinite com-
multidimensional constellations (see [6]). ponent interleaver used. Perfect phase tracking and channel state
Most of the research work done in the area of multidimensionsiformation (CSI) are assumed at the receiver, which performs
rotated constellation uses the Chernoff bound for performance analximume-likelihood (ML) detection. The receiver computes the

ysis [2]-[8]. This provides simple design criteria for good signaample metrics

sets. However, the looseness of the Chernoff bound prevents us 2
P v.9)=ly—goz|® VzeSs 1)

m(z
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The former is given by the minimum number of different componentsvaluation of the residues provides the unexpectedly simple result of
in all possible pairs of points in the signal set. The latter is defined #8s theorem. In fact, the poles to be consideredsare= 0 and

o Y
dpmin = 1IN 1;[ ) oi = zi' {11,/1-1—4NO/§?}, fori=1,---,n.
TiFT; 1

Good signal sets have high and dff?m The residues in (5) are given by
. Da(s)
ll. PERFORMANCE ANALYSIS Re&due{—s P8 =0 Rl
A standard approach to error performance analysis consists of SN S, 2
evaluating the symbol error probability of a signal sty using = 200 . -1 11 b (6)
the union bound Bi+ VB +4ANo 8/ +4ANo =5
P(e) < Z Zp(m — ). ) for positive o;. The asserted result (3) is obtained by inserting (6)
|5| == into (5). O

Each PEPP(z — %) is commonly approximated by using the The validity of the above theorem is apparently limited to the case
Chernoff bound or other upper bound. However, as we show @f full diversity signal set§L = ») and all distincts;. However, the
the following theorem, the PEP can be calculated exactly over théher cases can be dealt with after considering the following remarks.

Rayleigh fading channel with component interleaving. Remark 1: If L < =, with the previous notations, lef; for
The approach followed here is derived from [1]. We obtain a less= 1, ---, L be the nonzero elements, then we have
general but closed-form expression of the pairwise error probability 52
in terms of the parameters of the pairwise error event. Pz (7
i 22 \/47\70-1-(52 Hé’ 82 )
Theorem: Let us define i
x= (21,22, ", Tn) As already observed in [1], it is interesting to note how this expression
2= (31, 8a, 00, i) is totally independent of the signal space dimensiorActually, it
§i = |vs — i # 0, fori=1.2.-.n only depends on the modulation diversity betweenz and 2 and

the nonzero component distancgs
and letz — & represent a pairwise error event. Additionally, assume Remark 2: We verified numerically that the apparent discontinu-
that all §;’s are distinct. The pairwise error probability is then giverities in (3) arising when som& are equal can be removed by small

by perturbations of the equal terms without affecting significantly the
Lo numerical result obtained. Although, in principle, we can extend the
Plx — &)= = 1— oL (3) @analytical approach of the previous theorem to this case, it turns out

2 ;( \/M’ + 62 ) H 52 ' to be rather difficult to compute the residues of poles with multiplicity

greater than one, and the resulting expression of the PEP is too
Proof: Using the receiver metric given in (1), we can write thecomplex for practical applications.
PEP as Remark 3: It can easily be shown, from a symmetric argument,
n that the minimum PEP under the constraint of consf®ft , 67
Pz — ) =P<Z|y7 gidi|” < Z|yz giil ) =P(A <0) is obtained when all thé;’s are equal. In this case, the PEP can
=1 be evaluated by calculating a single residue of a multiple pole (with
multiplicity L). Settingé; = 6 fori = 1, ---, L, after straightforward

with A = Z A; and algebra, we obtain

Ai = gil e — &) = 2gi (w0 — &0)n,. Plz — &) :% _ %(1 AN, /82 LA
Streamlining the approach followed in [1], we obtain the Laplace r—1 1/2
inversion formula > < )(41\/ /6%) (8)
P . 1 etjoo . ds 4 i=0
= ()] 5 ) —
(@—2) 275 Jerjoo als) s @) Fig. 1 shows this optimal PEP for several values of diversitynder
wherec > 0 is in the region of convergence of the characteristigq'3 constraint of constant distanée” with
function ®a (s) defined as 2=—x=(6/2,---,65/2).
da(s) = Ele "] = H D, (s). The figure shows that, as diversity increases, the error performance

approaches that of binary PAM over the AWGN channel.

After straightforward algebra, we obtain Remark 4: We can write the asymptotic expansion (& — 0)

of (7) as
da (s)= Ele"%] = _
Al 1+ s(1—sNg)oZ" Pz — &) = m NE+ONETY,  No—0  (9)
Then, we evaluate the integral (4) as a sum of residues Ly
L
Pl—&)=- Y  Residud®a(s)/s;s=0;] (5) whered)” = [] 6 and
i=1

Re[e;]>0

— — [ « e =1
where thes,’s are simple poles ofb (s) since we assumed that 7. = 2 L—-1)1/L! = 3,10, 35, 126, 462, 1716, - --
the 6, are distinct. A further step (not made in [1]) consisting in the for L=1,2,3,4,5,6,---
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Fig. 1. Comparison of pairwise error probabilities, evaluated by (8), for several values of divérsityer the Rayleigh fading channel and binary
PAM over the AWGN channel.
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Fig. 2. Error performance of rotated hypercube constellations wits 2, 4, 6, 8 dimensions. Solid curves report the union bound with exact PEP’s.
Simulation results are also shown.
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Simulation results

Union bound using (10)
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Fig. 3. Error performance of rotated four-dimensional 4-PAM. Upper curves report the union bound obtained by using (10), (9), and (7). Simulation
results are also shown.

(n!! denotes thesemifactorialof n, namely,n!! = H};{]QJ (n —2i)). solid curves (reporting the union bound with exact PEP’s) are
The first term in this expression is an upper bound because tmymptotically tight with simulation.

series expansion is alternating in signs. It is worth noting that Similar results are reported in Fig. 3 for constellation ii). The
this approximation is already a significant improvement on theurves show the union bound (11) evaluated by using a) the Chernoff
corresponding Chernoff bound given by [2] bound—(10); b) the asymptotic expansion of the exact PEP—(9); c)
the exact PEP—(7); and d) simulation results. We observe that even

@ L
Pz —&) < - ! = (t) . Ny +O(Ng ') (10) the exact union bound c) is no more asymptotically tight. This is a
H(l 4 52/4Ny) [dp ]2 consequence of the fact that a large number of terms summed up in
/=40 the union bound are redundant and edge effects have been neglected.

=t We presented an exact expression of the PEP for component-

asymptotically looser by10/L) log,,(2“*' L!/(2L —1)!!) decibels interleaved multidimensional schemes for the Rayleigh fading chan-
than the previous, more accurate, result. nel. The expression is derived by following the approach introduced
in [1] applied to the current scenario. This provides better approxi-
mation of the error performance than obtained by using the Chernoff
bound. The proposed bound can be used for more accurate analysis

In this section we consider the error performance of W0 .4 gesign of high-diversity multidimensional constellations for the
dimensional signal sets: i) a rotateddimensional hypercube (cor- fading channel

responding to the set of pint§—1,4+1}") with a spectral effi-
ciency of 1 bit/dimension; ii) a rotated-dimensional signal set
{-3,-1,4+1,+3}" with a spectral efficiency of 2 bits/dimension
C p(_)'nts)'_ which can b_e viewed as theh powe_r _Of 4'P{°‘M oras . [1] 3. K. Cavers and P. Ho, “Analysis of the error performance of trellis-
a cubic lattice constellation. In both cases, multidimensional rotation * coded modulations in Rayleigh fading channelEEE Trans. Commup.
matrices are taken from [6]. vol. 40, pp. 74-83, Jan. 1992.

In the first case, the signal set constellation is geometricallj2] K. Boullé and J. C. Belfiore, “Modulation scheme designed for the
uniform (GU) so that the union bound (2) simplifies to Rayleigh fading channel,” presented at CISS'92, Princeton, NJ, Mar.
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[10] tilfi.lzrgcl)sakllegltal Communications3rd ed. New York: McGraw- and 2521 21w, its binary expansiofiu; — 0, 1). The image ofu
' by the generalized Gray map is the following Boolean function on
GF(2)**
k—1

G(u): (Y1, -y Yp—1) — ur + Zui Yi-

Zy.-Linear Codes =t
The generalized Gray map is a mapping frafy. onto the

Reed-Muller code of ordet, R(1, k — 1). Whenk = 2, R (1, 1)

being equal to the set of all the Boolean functions on(&F we

obtain the usual Gray map, which is a mapping frémto GF(2)”.

In the general case, we can, naturally, identify any Boolean function

on GF(2)*~' to a hinary word of lengtt2*~" by listing all its

values. We obtain a nonsurjective mapping fr&m. to GF(Z)ZP1

For instance, whei = 3, the images of the elements 8% are the

|. INTRODUCTION following words of length4:

Claude Carlet

Abstract—We introduce a generalization toZ.,;. of the Gray map and
generalized versions of Kerdock and Delsarte—Goethals codes.

Index Terms—Galois rings, Gray map, nonlinear codes.

Recently, the Gray map has been extensively used to construct o) = (0, 0, 0, 0); G(1) = (0, 1, 0, 1); G(2) = (0, 0, 1, 1):
binary codes from codes ov&l. = Z/4Z (quaternary codes). Recall ) ’ ' ’
G(3)=(0,1,1,0):G(4) = (1,1, 1, 1); G(3) = (1, 0, 1, 0);

the definition of this mapping:
o ) ) ) G(6)=(1,1,0,0);G(7T) = (1,0, 0, 1);

Definition 1: The Gray map is the mappirg from Z, to GF(2)*
defined by and we obtain all the words of even weights. This is no more the case
for & > 3. We extend the generalized Gray map, coordinatewisely,
into a mapping from(Z,:)" to F2°~"". As in the case 0iZ,,
it can also be extended to afl,.-valued functions: le be any
set andf any function from€ to Z,; let 3°%_, 2~ f;(x) be its
binary expansionf;, i = 1, - - -, k are Boolean functions ofi). The

The main quality of the Gray map is that it is distance preservingnage off by the generalized Gray map is the Boolean function on
define the Lee weights of the elememisl, 2, and3 of Z, to be & x GF(2)"'
the Hamming weights o&(0), G(1), G(2), and G(3), which are, b1
respectively,0, 1, 2, and 1; define the Lee weight of a quaternary FOFY: (2 Uy e 1) — Fo(a () vi.
word to be the sum of the Lee weights of its coordinates. Then, for GA): (e w, » i) Jule) + Zf («)y
every quaternary words andv, the Hamming distance between the ] ) ] )
binary wordsG/(«) andG(v) is equal to the Lee weight af— v (i.e., Th(_e reverse image of Hamming distance by the generalized Gray
the Lee distance betweenandv), despite the fact that(u)+G(v) Map is a translation-invariant distance:

is not equal toG/(u — v), in general. Proposition 1: Letu andv be two elements oZ,. The Hamming

Any element(zo, z1) of GF(2)? can be identified to the Boolean distance betweer®(u) and G(v) is equal to the Hamming weight
function: ¢ — =z, (e € GF(2)). Thus the Gray map can be G(u — v). ‘

considered as a mapping fro#, to the set of Boolean functions Proof: Consider the following three cases= v, u = v+2*~",

on GF(2), and extended to a mapping from the set ofZllvalued 5,q,, £ v mod 2°~1, Whenu = v (respectivelyu = v +2°~1), we

functions on a given sef to the set of all Boolean functions onpayec(y —v) = G(u)+G(v); whenu # v mod 257, the distance

&€ x GF(2): any Z,-valued functionf («) can be written in the form penveenci(u) andG(v) and the weight of#(u — v) are both equal

g(w) + 2h(x), where g and / take the values) and 1 only; the 5 9k—2 gince G(u) + G(v) and G(u — v) are nonconstant affine

image of the functiory (=) by the Gray map is the Boolean functiongnctions. O

(2. €) € £ X GF(2) — h(z) @ eg(x), whereg andh are considered

as valued in GF2). The Gray map has another nice property: the relationship between
the weight of the imagé& (/) of a Z,-valued functionf on a setf
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G is coordinatewisely extended to a mapping fra#4)™ to
GF(2).
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