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Abstract

A unified theoretical development of coupled wave equations is presented for nonlinear
photonic guided-wave coupled systems using both scalar and vectorial approaches The
theories are applicable for both generalised coupled waveguiding sytems including symmetric
and asymmetric guided-wave coupling structures. An overview of the nonlinear symmetric
guided-wave optical coupling systems idescribed demonstrating a generalisation of the
analyses for nonlinear asymmetric coupling. General cases of studies including the
nonlinear guided modes and power-nonorthogonality are considered and a full, power
conserved and nonorthogonal coupled mode equations in terms of parameters directly related
to the lightwave power defined in the waveguides, are proposed and analytically described. A
numerical case study of the nonlinear asymmetric coupling system consisting of a slab-planar
optical waveguide and a circular  optical waveguide, the single mode optical fibre, is

demonstrated as a proof of the developed unified theory..
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1 Overview of coupled-mode analyses for nonlinear optical guided-wave

couplers

Nonlinear directional couplers offer possibilities of switching, steering and modulating of
lightwaves by another control lightwaves via the nonlinear interaction in the coupling regions
between waveguides. They exhibit potentials for applications in ultra-high bit rates optical
communications systems in the picoseconds to sub-picoseconds switching time (ie. systems
operating at bit rates >160 Gbps and beyond). The usual approach to solve such evolution of
optical power coupling and switching in a nonlinear optical waveguide system is the

employment of the coupled mode equations.

Jensen!"! first studied a nonlinear symmetric directional coupler (NLDC) consisting of two
identical single-mode waveguides using conventional scalar coupled mode theory (CMT).
Later, an analysis using a beam propagation method by Thylen et al.l*! has indicated that the
conventional CMT is mainly valid for low power levels where the effects of the nonlinear
perturbation on the waveguide guided modes are negligible. To include the nonlinear
coupling effects, a solution to the formulation of full scalar CMT of the power-orthogonal
NLDC has been developed B*. The compound-mode approach, i.e. by using the expansion
and superposition of symmetric-like and antisymmetric-like modes, has been used and that
the coupling length has been proven to be a function of the propagating power level ™. The
power level is considered, as the average optical power required for power transferring and
any temporal switching in such coupler would require an initial bias power, which must be set

at this level.

Similar to the method of deriving the power-nonorthogonal vector CMT ) a generalised

vector reciprocity theorem has been used [ in the formulation of the coupled mode equations
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(CME) for a symmetric slab-slab NLDC. This differs from the previous formulations in that
the nonlinear refractive index has been included in the expression of the unperturbed
waveguide modes. As a result, the coupling coefficients become power-dependent. Similar
numerical results for weak-coupling but improved results (in terms of accuracy) for stronger
coupling in comparison. However, only TE wave propagation was considered, butt-coupling
or the field-overlap has been neglected and only weak guidance was assumed in the numerical
analysis. These conditions indicate that the cumbersome vector formulations may be replaced
by a simple, scalar CMT without sacrificing the accuracy of the analysis. Note that these
analyses have utilised parameters similar to Stokes parameters {sy, s;, s, 3} which are
defined in terms of the complex modal amplitudes (a; and a;) in the coupler as
|2

2 2 2
— = — = — * *
SO—|a1| +|a2 = P + P, s1—|a1| —|a2| = P, - P, s,=aa,*+a,*a, and

s, =j(a,a, *—a, *a,) withj = (—])1/2.

Furthermore graphical methods have also been introduced to assist the characterisation of the
operation conditions, the power flow and evolution of the identical weakly guiding two-mode

(11 The complex modal amplitudes were deconstructed ™ as a product of real

couplers
amplitude and a phase term and, as a result, two constants of motion were derived with one
representing the conventional power conservation law. In terms of the coupling coefficients
and the constants of motion, the power in each mode can be analytically solved as elliptical
integrals and, in addition, a few equalities can be obtained, which define the limit or range of
the power operations. By analogy to a phase diagram, the graphical representation provides a

quick indication of the type of the coupler operation and the range of power in each guide for

certain initial conditions.

As described in Ref. [10], for a nonlinear two-mode coupler, a phase-mismatch parameter was

defined and then the CMEs were expressed in terms of power in each guide, the phase-
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mismatch parameters, the mode and coupling constants. Based on the relative phase and the
corresponding power flow between the two modes, a graphical representation can be created
as a power-flow portrait of that particular coupler. In this paper the coupled-mode analysis of
optical nonlinear (of third-order effects) coupling systems in both scalar approximation
approach and full couple mode theory are critically summarised and compared leading to a
generalised coupled mode formulation. It is shown that the full CMT offers much accurate the
behaviour of the switching and modulation of the lightwaves as compared to that by a scalar
analysis. Sections 2 gives a brief summary of the analyses of nonlinear symmetric optical
coupling systems including a first-order, and leading to a generalised, full coupled-mode
formulation in terms of parameters of power flowing in the two coupling waveguides for both
cases of power-orthogonality and power-nonorthogonality of the nonlinear asymmetric
guided wave slab-slab coupled systems. Symmetric and asymmetric non-linear coupling
structures consisting of planar single-mode slab waveguides are summarised in identifying the
orthogonality and non-orthogonality aspects in the nonlinear coupling systems, whilst Section
3 demonstrates the solutions of an asymmetric nonlinear coupling system, the nonlinear fibre-
slab coupler, utilising a simplified and generalised scalar CMT formulation for coupled
systems of nonlinear asymmetric fibre to slab coupling, or effectively the coupling of non-
orthogonal single-mode in the fibre to multimode or a spectrum of guided modes of the planar
slab guided-wave structure, and vice versa. The effects of the nonlinear medium in such
asymmetric couplers are compared with the cases when the coupler is completely linear.
Section 4 gives concluding remarks regarding the unified analyses for symmetric and non-

symmetric nonlinear couplers.



MECSE-22-2003: "Unified Theory of Nonlinear Photonic Guided-wave ...", Le Nguyen Binh and Shu Zheng 5
2 Unified theoretical development for symmetric and non-symmetric
nonlinear coupling systems

This section develops a generalised and unified coupled mode equations for symmetric and
non-symmetric coupling systems in which both linear and nonlinear Kerr effects exist.
Furthermore the scalar and vectorial coupled mode equations are described and applied to

both coupling systems.

2.1 Nonlinear symmetric optical coupled systems

211 First-order scalar CME

The well-known coupled-mode equations for a Kerr-like nonlinear, symmetric NLDC of two

identical modes are given by
jar’ = 0a; + Qxax + (Oslasl” + 2 Q4laz)a; (1)
jaz’ = Qiaxt Qxar+ (Qslazl’ + 2 O4lai)as (2)

where the prime ’represents the first derivative, a; and a, the complex normalised amplitudes

of the two modes and Q;-Q; are the coupling coefficients defined as
0; = (/(47Py))ldxdyd|E,f, Q= (/(47Pp))ldxdy(e+8)|E E>*,
3= (non2 0l (7Py))ldxdy|E)|*  and Q4= (nonsol(nPy))idxdy|E,’|E (3)

where E; and E denote the fields of the two guided modes, ¢ is the unperturbed susceptibility
of one guide, 0 is the linear perturbing susceptibility of that guide, and »; is the nonlinear
refractive index. Strictly speaking, the nonlinear coefficient n, is generally different for the
core and the cladding and should be contained in the integrals for the calculation of the
relevant coupling coefficients. In the above definition, the nonlinear coefficient n, was

considered a constant for the whole cross-section of the coupler structure, which is another
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approximation. In addition, the expressions of the CMT in Jensen’s work!"! are in Gaussian
units. The relative phase between E; and E> is chosen so that Q; is real. Among the optical
third-order nonlinear Kerr effects, i.e. the dependence of refractive index on the light
intensity, has aroused the most vigorous research due to the importance of possible
applications of all-optical waveguiding, coupling and signal processing devices!'". For ideal

Kerr-law media (i.e. neglecting the higher-order effects such as saturation), the nonlinear

n; g

. . . 2 .
refractive index is commonly defined by n = n_ + |E| =n,+n,d where n, is the

linear (low-power) refractive index, n, g and n,the nonlinear (high-power) coefficients, with
respect to |E |2, the electric field intensity, and /, the local average power intensity (W/m2). The

two nonlinear coefficients, also referred to as nonlinear refractive index, are related to each

4, 7=

: . 1 : .
other by the following relation > noc&lEl* with nap = noceyny; where na g is in cgs

unit whilst 7, 1s in MKS units. The real amplitudes and the phase terms, as well as to absorb

the self-coupling term (i.e. terms related to ;) can be used as

a; = Aexp{j(¢4+0;z)} and a;= Azexp{j(¢+Q; 2)} 4)

where {a;, a;} are the complex modal amplitudes, {4;, 4>} and {¢;, ¢} are real functions of
z. Four subsequent equations are obtained for the four unknowns. From these resultant
equations, two constants of motion were found, one is the total power P,, and the other is 77,

that 1s

P=A + A7 and'=4 A;Ascos V- 2(03-204)A,°45°/0; (5)
where ¥'= ¢, - ¢. Let P= A;Z, P>= A22 = P,-P, therefore

I =4 [P (P,-P)]"cos ¥- 2(05-20,)P(P,-P)/O> (6)

The power change, P’, in one waveguide along the light propagation path becomes
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P "= {Qof4Q;- 1105 - 209)]P(Pi - P) - I°Q5" /4 - (Q3 - 20)°P' (P, - P)’}"”
The solution, expressed in elliptic function and integral, is

P(2) = PA1/2 + yXy+& )Y sd[Z(/+ )+ F(do|m)|m]}

(7)

®)

where Z = Q.z, F(¢y|m) is an elliptic integral of the first kind, and sd(4m) is a Jacobian

elliptic function and other parameters are defined as follows
(JP)* = -4P}?+ 2PP.-I) + 2P(P.- 2IP.)"?
(6P.)>= 4P} -2P(P.- I) + 2P(P.- 2IP.)"?
sin®(gy) = (P+)[P(0)- P/2 T/{S [P(0)- P/21V+HyoP /41"
m= & ;/2+62 )
where P. is the critical power defined by
P.= 4P2/(Q5-204)
If the light is launched into one guide initially, i.e. P;(0) = P,, I "= 0, (8) becomes

Pi(Z) = Py(O)[1 + cn(2Z\m)]/2

(9a)

(9b)

(10a)

(10b)

(11)

(12)

where m = P;(0)’/P7 and cn is a Jacobian elliptic function. The elliptic function cn is

periodic with a period of 4K(m), where K(m) is a complete elliptic integral of the first kind.

As the input power is increased, so are the parameter m, K(m) and the period of the elliptic

function cn(¢@m). The critical power P. defined in (11) is an important parameter in that it

defines a boundary between two distinct types of solutions, as described below. The

symmetric nonlinear coupler can thus operate in two distinct cases:

(i) Low input power, i.e. P;(0) < P,
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The optical power coupling appears similar to that of a conventional phase-matched two-
mode coupler, that is a cross-stage or the light can be switched from the waveguide 1 to
waveguide 2, whilst the nonlinear detuning effects on waveguides 1 and 2 are closely related

to a Afreversal switch!'l. In the limit of m = 0, i.e. when the input power is very small,
Pi(Z) = P)(0)[1 + cos(2Z)]/2 (13)

which becomes a solution for a linear two-mode coupler. The power half-beat length (with

power transferred back or forth between the two waveguides) is
z=7m/(20,) (14)
(ii) High input power, i.e. P;(0) > P,

It appears that the crossed state does not occur because of the detuned phase-mismatch
between the two guides induced by the nonlinear refractive index. As a result, the 50/50
power distribution point is not reached, the phase is not reversed and a crossed state is not

achieved.

2.1.2 Full scalar coupled-mode approach

An analytical solution to the following full nonlinear coupled-mode equations for a
symmetric coupler of two identical modes, based still on the unperturbed (linear) two-

modes’! as
Jjla;+Nay )=(B+C+0)|ail’+20sla:1)a,+(CANB+2050a))’+Qslar’Jar+ Qsa; ar’ +Qsa’a;”  (15a)

Jj(ax*+Na;, QI(ﬂ+C11+Q1|a2|2+2QZ|a1|2)a2+(C12+Nﬂ+2Q3|a2|2+Q3|a12|)a1+Q2a2*a12+Q3a22a1* (15b)

!

where ' indicates differentiation with respect to z, £ is the propagation constant of the

unperturbed mode, C;; and C;, are the linear self- and cross-coupling coefficients,
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respectively, N is the butt-coupling coefficient defined by N = /i.y;y»dA. The power-

dependent, nonlinear coupling coefficients Q;, O, and Q; are defined by

Q1= kny Jiow*dA, Qs = kny [P wildA  and Q3= kny [y vy dA (16)

Similar to the approximation made by Jensen ', the nonlinear coefficient 7, is outside the
integrals in the above expressions. This is again due to the assumption that the nonlinear
coefficients of the waveguide cores and the claddings are identical. The nonlinear coupling
effect and the non-orthogonality of the fields in two guides were considered I*), as well as the
usual self- and cross-phase modulation terms in Jensen’s formulation !\, These additional
terms shall be necessary when the instability, amplification and more accurate power-
dependent switching and phase-controlled switching features are concerned. In fact, an earlier
numerical study of the N-effect was reported 4] showing a slight improvement in accuracy.
Another study """ has shown an improvement in accuracy at low power with an approximate
method to include both the N-effect and the nonlinear coupling effects. The switching power
for the nonlinear coupler switch, the bias power for the amplifier and the instability power are

found to be lower than the results reported earlier using the scalar CMT.

A symmetric NLDC of two identical slab waveguides (denoted as ‘a’ and ‘b’) are considered
6] with TE mode propagation and a cladding of Kerr-like nonlinear refractive index Mg
between the two slabs, that is ny, = n3 + n3y/ and improved coupled-mode equations are

Blag

derived utilising a reciprocity theorem
JA' + jPuB' = Q1A + [Qs+ k(AB*+ A*B)|B + [(k. - k)|B]* + k(AB*+ A*B)]A (17a)

JB' + jPpA") = QB + [Qs+ k((AB*+ A*B)]A + [(ke - ki)|A|* + k(AB*+ A*B)]B (17b)

where 4 and B are the modal amplitudes in the field expansion, and the coupling coefficients

are given as
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P="Y% [[ [EOxH™* + E"xH™.dxdy and Pa = % [| [EOxH®* + EL®"xH,].dxdy (18)
0; = wl(4P) || (Ae+ Aey)) EVE® dxdy and 0> = al(4P) [| (Ae+ Aen))E®E® dxdy  (19)
ks = wel(4P) [] E@dxdy, k. = wep/(4P) [] o EPPIE®) dxdy
ki = we(4P) [ EYPE®E®" dxdy (20)
Ag = gln” - (1)), Aeny = e - dO)EDP (21)

Note that, if the nonlinear effects are weak, the improved formulation (20) may be reduced to
equations (22) and (23) of Ref[3], e.g. in these cases where the second terms (i.e. the
nonlinear self- and cross-coupling coefficients) in (19) can be neglected and the nonlinear
guided-modes can be replaced by the linear ones”. The Stokes parameters so-s4, using (19),

become
S()' = 0, s = -2(Q2+ chQ)S_;, sy = (ks - kc)S1S3 and S3' = 2(Q2+ chz)S1 - (ké - kc)S]SZ (22)

which indicate that the total guided power is conserved between the two coupled modes, i.e.
the coupler becomes a power-orthogonal one. Note that this is not valid generally unless the
weak-coupling condition of P,, << [ is satisfied. Experimentally this approximation can be
exploited by inspection of the linearity of the behaviour of the couplers and then tune the
coupling effects by increasing or decreasing the level of optical power at the quiescent

operating point.

With the input power initially launched into only guide ‘a’ of the NLDC, i.e. A(0) = I and

B(0) = 0 and, from (1), s9(0) = 5,(0) = 1, and s2(0) = 53(0) = 0, we have!®
52 = 40:[n(< - M)(s-an)sas-aa) (s (23)

where ¢ = (ky - k)/I(402), n = k/(2Q)), a; = -[I+(I1+4{n)*V2n) = -1/n, ap = -[I-

(I+4¢)"™V(2n) = & o= 1/C-n) and k. << O, and k. << k, are generally valid, leading to
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|&>>[7l, [l << I'and ¢ << I, |eu| >> |e| and |ey| >> | 5] 24)

Using the above constants and approximations, (20) can be analytical solved and from (1) and

(21), the mode power in guide a as '®

P+ en20,(4¢n + 1) 2 | m) mel
Pa=17 (25)

g{l FA20,(CC -z m7 ]y m<]

where cn and dn are Jacobian elliptic functions and m their modulus given by

m = o - a)/[Po(az - )] ~E(6-n) (26)

Because the elliptic functions have a period of 4k(m), with k(m) as a complete elliptic integral

of the first kind!"*!, the coupling length L. (i.e. half beat length) of the NLDC is given by

L = {k(m)/[Qz(%nH)”“] m<1 @7

k(m™)/120,(S (& =m)'"] m<1

In the case of weak coupling, 77 = 0 and the nonlinear effects are negligible, which leads to a
power-independent O,. The full coupled-mode solutions of (24) and (26) are reduced to the
first-order results of (9), respectively. When the input power is low, i.e. m << [ and k(m) =
0521+ 0.25m+ ...) =0.5x That is, the value of k(m) is nearly a constant and L. is therefore
only dependent on (.. As the input power increases, (), increases for self-focusing
nonlinearity or decreases for self-defocusing nonlinearity in the NLDC. When m is increased,
the contribution of k(m) to the value of L. becomes more and more significant. When m = 1,
the input power is defined as the critical power P. (which coincides with the first-order
definition of (9) in the special case of 77 = () and L. becomes infinite. In other words, the
power transfer between the two modes (i.e. a crossed state) cannot be achieved. This special

feature makes the NLDC a potential candidate as an all-optical power switch [61,
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2.2 Nonlinear asymmetric slab-slab couplers

Important nonlinear coupled-mode formulations have been introduced in Section 2.1. In brief,
the solutions of first-order coupled-mode equations (CME) for identical, power-orthogonal
two-mode NLDC with Kerr-like nonlinearity can be expressed in standard elliptic integrals,
whereas those for non-identical modes cannot, due to the mode asymmetry ". The full,
nonlinear CME P! have been solved with the aid of the two compound-mode amplitudes (a
linear combinations of the linear waveguide-mode amplitudes) and the power orthogonality
was enforced upon the formulation and was later improved [ to replace the linear individual
guided modes with the nonlinear correspondents. As a result, all the coupling coefficients in
their CME become power dependent. However, after introducing the Stokes parameters in an
attempt to analytically solve the CME, the power-nonorthogonality was totally ignored
because only the case with negligible butt-coupling coefficient was considered. In this
section, a generalised, full scalar CMT is proposed for symmetric two-mode NLDC with Kerr
nonlinearity. Firstly, the coupled-mode equations are given, with the definitions of all the
coupling coefficients, and reformulated in terms of the power parameters. Then the constants
of motion (i.e. the z-invariants along the z-axis in Figure 1) are included satisfying the power
conservation law, and analytical solutions are attempted and described. Our analysis is based
on the power (i.e. guided-mode and cross-mode power) parameters. As an example, they are
first applied to the simple, power-orthogonal two-mode NLDC and the law of power
conservation and redistribution are given. Then a generalised, full coupled-mode formulation
is proposed for power-nonorthogonal two-mode NLDC and, in terms of the power
parameters, analytical solutions of the NLDC are obtained. In particular, the formulations in
the power parameters are self-contained in that the total power is conserved and our full,
power-nonorthogonal formulation generalises the previously published power-orthogonal

results !>,
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Figure 1. A cross-sectional schematic of the third-order nonlinear two-mode couplers: (a)
The coupler; (b) The constituent waveguides
2.21 Power Parameters
The following four power parameters are defined
PJ(2) = a*(z)a(z), Py(z) = b*(z)b(z), P,(z) =Re[a*(z)b(z)] and P(z) = Im[a*(z)b(z)] (28)

In comparison with the standard Stokes parameters and under power conservation, we have

the following correspondence

P, < (sgts))/2, Py < (so-s1)/2, P, s)/2 and P, s3/2 (29)

222 Simplified CME for nonlinear asymmetric slab-slab coupled systems

The scalar, first-order coupled-mode equations for two non-identical guided modes can be

obtained as

@' = j(QutQudlal+20pa|b[)a -jKaph (30a)
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b= Q5+ Qulb[+2Qurlal’)b -jKsea (30b)
and in term of power parameters, they become
Py =2KupPi, Py = -2KpolP;, P! = [Op-0ut (2Qab-Oua)Pa -(2Qba~Obi) Pp) Pi
and P/ = K.,Pp -KpoP o[ Qu-Opt(2Oba- Qi) Pp -(2Qab-Qua)Pa 1Pr (31)
The power conservation can be expressed as
P’'=P,"+Py"+Py," =0 (32)
we have, from (31)
Pap’= 2(Kpa-Kap)Pi (33)
and the constant of motion 7/~
I'= KpoPyt+ KapPy (34)

Without losing generality, the new, power-nonorthogonal coupled-mode equations are given
for an asymmetric two-mode NLDC consisting of two non-identical asymmetric slab
waveguides. Application of the resultant formulation to other symmetric, nonlinear two-mode
coupler configurations are straightforward. Figure 1(a) shows the cross-sectional view of a
third-order NLDC whilst Figure 1(b) illustrates the constituent asymmetric waveguides a and
b, respectively. The parameter ¢ represents the thickness of the slab guides, s the separation
distance between the two slab guides, n; and n, the refractive indices of the outside claddings
and slab guides, respectively. The inside cladding with a refractive index of nztnszyi/ is
optically nonlinear, where n; is the linear component (as n; and n,) whilst nsy./ is the

nonlinear component with a third-order nonlinear coefficient n;y; and local light intensity of /.
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The influence of the nonlinearity of the waveguide materials on the coupled-modes in a
waveguide coupler can be described by the nonlinear polarisation [ related to the index
change or, equivalently, by a perturbation to the refractive-index profiles. The perturbed
index profiles of the two-mode coupler, waveguide a and b, i.e. n(x), n,(x) and n,(x), can be
expressed as a superposition of a linear (low power, with a sub-index of L) and Kerr-like

nonlinear (high power, with a sub-index of 3NL) refractive indices, respectively

n=n;+ N3NL 1 (358.)
ny=npy+ NNy (v=a,b) (35b)
n, 0 for | x|>s/2+t

ny = yn; and n3y = ny, 1 for  s/2<x|<s/2+t (36a)
n, 0 for |x|<s/2
n, 0 Jor  x>s/2+t

Nia=<n, and nzyp =9 0 for s<x<s/2+t (36b)
n, ny, I, for x<s/2
n; ny, I, for x>-s/2

niy = n, and nzyz ;=10 for —s/2—-t<x<-s/2 (36¢)
n, 0 for x<s/2

where I is the local light intensity in W/m” and {n3 (e =1, 1, Ip) 1s a set of third-order

nonlinear coefficients of the coupler system. Alternatively, in terms of the electric fields, we

have
n’ = n’+ nspe and  n,;=ny’+ na gy (37)
0 for | x|>s/2+t
MINLE= N3 | E |? for  s/2<|x|<s/2+t¢ (38a)

0 for | x|<s/2
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0 for x>s/2+t
nnpe= 4y 0 for s/2<x<s/2+t (38b)
ny; | E, ? for x<s/2
ny; | E, & for x>-s/2
n3nLEg =10 for —s5/2—-t<x<-s/2 (38¢)
0 for x<s/2

where the nonlinear coefficients n; g and n3 g (i = 1, 2) are related to the nonlinear coefficients

2 . . . .
nsy and “nz, respectively, as given in Section 2, by
_ 2 _ 2 _
n3E= CENL N3 and  n3py= cenry sy (v=a,b) 39)

Assuming TE wave propagation, and utilising the vector reciprocity principle, the following

full, Kerr-like nonlinear and power-conserved coupled-mode equations can be obtained as
a(z)' +Ppb(2)' = -jQuza(z) -jK.b(Z) (40a)
b(z)'+Ppa(z)' = -jQOp:b(2) -jK.a(z) (40b)

with the prime sign ' representing, again, the first-order derivative with respect to z, and Q;.,

0. and K, equivalent to

Ou: = O + (KK )[b(2)* + K[a(2)b(z)* + a(2)*b(2)] (41a)
Or: = O+ (K—K)a(@)* + K[a(@)b(z)* + a(z)*b(2)] (41b)
K. =K+ K a(z)b(z)*+a(z)*a(z)] (41¢)

where O, K and P, are the new power-dependent self-, cross- and butt-coupling coefficients,
whilst K, K. and K, are the self, cross phase-modulation and nonlinear coupling coefficients

can be obtained as
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0= 29[, (i*-nD)|E | dA (v=aorb) (42a)
4F,
K =221, (PnDE.E,*dA =a.bb 42b
T adn-n, )EE, (1,v=a, bbut u# v) (42b)
0
K= 29 [ nani s E ) dA (v=aorb) (43a)
4P,
_ &y 2 2 _
K.= T [a nanpdlE*|E | dA (1, v=a, b but u# v) (43b)
0
K =52 E,JE.E,*dA —a,bb 43
t_4P A= NLE|EW|"EE, (&, v=a,bbut u#v) (43¢)
0
P - ﬁ I (E<H,*+E < H,)- 3 dA (1, v=a, bbut g v) (44a)
0
Py = é [\ ExH *E *<H,) % dA (v=aorb) (44b)

where P is the power of the V" guided-mode and Zis the unit vector along the z axis.

Alternatively, (40.a) and (40.b) can be transformed into the following set of differential

equations
a(z)' = j(Quz-PaurK)a(2) - j(K-PapQp:)b(2) (45a)
b(z)' = 5 (Qv-ParK:)b(2) - j(Kz-PapQaz)a(z) (45b)
where the underline-sign ‘ ’ represents an operation of having the variable or constant

divided by (/-P,). For example, we define

A =A/(1-Pu) (46)
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With the above-defined coupling coefficients, the coupled-mode equations can be

reformulated in power parameters as follows,

Pa’ = (Qba+2KctPr+PastcPa)Pi, Pb’ = '(Qba+21_<ctpr+Pastch)Pi, Pi" = 'Ksc(Pa'Pb)Pi

and P/ = (-Opat2Ks:P)(Po-Py) (47)

where the following constants are defined in relation to the above coupling coefficients

ch = &9 '1_<c, Qba = sz - aanz, 1_<ct = Kc - ab1_<t
and Kst = Ksc '2Kct = K&‘ '3Kc+2pabKt (48)
2.2.21 Constants of motion

From the above reformulated coupled-mode equations (45a&Db), a few constants of motion
can be readily derived. They include the law of power conservation (in the new formulation),
and other equations in the power parameters, which are very helpful in achieving possible

analytical solutions to the coupled-mode equations.

From (47), the following relationship for the conservation of the total guided power can be

readily obtained as
P,/+ Py'=-2P,;P, and I} =P,+ Py +2P;P,=P (49)

where 77 1s a constant of motion and P represents the total power guided along the waveguide
(coupler) axis. In fact, in comparison with the standard definition of the total guided power in
the Poynting vectors, it can be found that, P, and P, represent the guided power in the mode a
and b, respectively, whilst P, represents the cross-power term that accounts for the mode
(power) non-orthogonality of the coupler system. From (47), the constants of motion can also

be found as

3= (Pe-Py)* - [1-4(2Qa1/K,+Pus)P-4(2K o/ Koo-P )P, (50a)
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2 2
B =P i~ [2 (Qba/ 1_(,vc)P r'(1_<.vt/ KSC)P r ] (SOb)

A number of advantages of the reformulated coupled-mode equations (47) in power
parameters, compared to those formulated in modal amplitudes (40) or (41) can be deduced.
Firstly, these constants of motion are z-invariant, namely, they remain constant during the
light propagation and coupling in the coupler system. In other words, during the operation of
the coupler, these special constants of motion, which are functions of the power parameters,
may completely reveal and describe the operation conditions of the whole coupler system.
Secondly, these constants of motion can be determined by the initial launching conditions of
the coupler and can therefore be used to search for the trajectories of the motion or to conduct
stability analysis (). Finally, these special relations among the power parameters are very
useful in the search for possible analytical solutions in terms of the mode or cross-mode

powers.

2.2.2.2 Analytical solutions

In this section, an analytical solution is presented for the generalised and optical nonlinear
coupled-mode equations (47) and the results are expressed in terms of the power parameters.
Without losing generality, the practical one-guide launching conditions of a two-mode
couplers are used in the following analysis, namely a(0) = I and b(0) = 0. Then the initial

conditions for the power parameters become, by their definition

P(0)=1 and  Pp(0) =P{0)=P(0)=0 (51)
and, utilising the coupled-mode equations (47 a-d), we have

P/(0)=Py(0)=P/(0)=0 and  P/(0)=-O (52)

where Oy, is defined in (48). From (47) - (50), the following relations can be derived
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(Pu - Pp) = [-(/ O(2P-ar) (2P )] and  P;=[PAB-2P)]" (53)

in which the following constants are used

£= (40s/Ki+2Pup)” and  17= 2Ke/Ks-Pas )(4Qsa/Kt2Pu)” (54a&b)

a =-[1+(1+4¢)"°VCm =-1/n  and @ =-[I-(I+4n)""VCn) =& (54c&d)
B> = 40s/Ky = {1-Pup| 2L 1) Py /(1) = (1-2PuQ)/(&1) (54c)
7=Ko/Ke = (EnIEHPa” =(En/ (541)

where in (54¢)-(54f), the condition of P> << 1 is used, which is equivalent to that the two
modes are not strongly coupled. From definition of (42) and (43), K. << K and K. << K; are

generally valid, which leads to the following approximations
[ >> 1l [l << 1and gy << 1 and  |ay|>> || and |au| >> | 5 (55)

Note that if the effects of P, are totally neglected, the above full coupled-mode equations,
coupling coefficients and constants, i.e. those of (40)-(54) containing the underlined
constants, are reduced to those defined in Ref.[6]. For example, when P, << I, {— {, n—>
n, ar —> a, o —> a, B — [, respectively. Therefore, our formulation generalises the

previous ones!' %), From (47) and (53), we have
2P, = K, [(n/ 2P 2P,-a)(2P,-20) (2P 3)] (562)
[35 9 2P 2P-a))(2Pr-a2)(2P+-B)] Pd(2P) = K1y 92 (56b)
Utilising (54f), we have

Ke(y/9"z 2400 (S -m)] /(1 - 2Pud) (57)
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Without the loss of generality, under the assumption of the self-focusing Kerr nonlinearity,

that is

nyg > 0, a;<0,a >0, and n3g > 0, ﬂ2> 0 (58)

The solution of the elliptic integral in (56) can be first expressed in the odd and even Jacobian

[12, 6]

elliptic functions of sn and cn , respectively, and, utilising the approximations of (55),

leading to

[I+cn(x,z|m)] m<l (a,<p,)

N |~

[1+dn(x_z|m™)] m>1  (a,>p,)

0o | N

where {x:, x} and m are constants and the modulus of the elliptic functions {cn, dn},

respectively, defined as
ke =20p(1 +4E) " (1 - 2P0d)  and k=204 [AC- 1]V - 2Pa0) (60)

m= a2 - )/ Bz - an) = ol o= (& -1)/(1-2P ) (61)

In (60), the conditions of (55) and P, << I are used. Due to the periodic properties of the

elliptic functions of cn and dn, the half-beat length of the nonlinear coupler are given by

(62)

_ [(-2P,Ok(m) 110, (45 + )™ m<l  (a,<f,)
C U2, Ok I20,EE - )] ms<T (a5 By )

The analytical solutions (59) and (62) therefore generalise those of Ref.[6], in that the field-
overlap effects (i.e. butt-coupling coefficients and power-nonorthogonality) are accounted for
in our CME and solutions without fully represented formulation. The special case of weak

coupling with negligible field-overlap integrals can be derived from the formulation presented
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in this section and solution by applying the approximation P,, << [ and the above results are

reduced to those of Ref.[6].
3 Case studies: Nonlinear asymmetric fibre-slab couplers

The reformulation technique adapting the power parameters demonstrated for the optical two-
mode coupler systems is not completely applicable to the optical composite fibre-slab guided-
wave coupling system. This is because that the fibre-slab mode-coupling involves multimodes
and, therefore, an analytical solution to a set of large number of differential equations seems
intractable. In this section, weak guidance, weak linear and nonlinear couplings are assumed.
The fibre-slab nonlinear coupler with third-order nonlinear index distribution can thus be
considered as a linear coupler with a nonlinear perturbation superimposed on its index profile.
The cross sectional structure of such fibre-slab coupler is shown in Figure 2. Such fibre-slab
structure has been analysed under complete linear coupling systems as described in Refs. [15,
16] and its main CME are briefly given in the Appendix. The problems of coupling between a
fiber and an infinite slab in a completely linear system has been extensively investigated!'>'®!
with some corrections of the coupling coefficients of such systems!'”. The effect of the
nonlinear coupling is expressed through the index modulation (perturbation) and thus the
induced additional nonlinear coupling coefficients based on the linear, coupled fibre-slab
guided modes. Furthermore a set of scalar, first-order coupled-mode equations is derived for a
typical composite fibre-slab coupler configuration under linear operation and given in the
appendix while the complete coupled equations incorporating both the linear and the
additional nonlinear coupling coefficients are given analytically and examined in the

following sub-sections.
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Figure 2. Cross-sectional view of a fibre-slab waveguide coupler.

3.1 Simplified Scalar CME for Nonlinear Asymmetric fibre-slab Couplers

The refractive indices of the coupler n(x, y) (i.e. over the whole coupler cross-section 4.,) and
of its different cross-sections {n x, y)} (i.e. over the cross-sectional areas of 4,, 4;, 4. and

Ap, with Ao,= A+ Agt A. + Ay) can be expressed as
n’ =n "+ nolEf for (x,y € Ax) nS=n tnEf (x,yed)
and 1y = {n2g, N2y, N2e, N2} (X, Y € Ao) (63)

where v= {o, s, ¢ f} represents the overlay of the slab (4,), the slab (4;), the fibre cladding
(4c) and core (4)), the first and second terms correspond to the linear and nonlinear index
profiles, respectively. {E, n,} and {E,, n,,} represent the electric fields and the third-order
refractive coefficient of the coupler in each cross-section, respectively. Under scalar
approximations, i.e. assuming weak guidance and coupling of the fibre and slab guided-
modes, the following simplified, first-order CME and the above expression of the nonlinear

index perturbation in (63)
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N N
| . 2 .
aO = _J(ﬂfo + QfOO + If0|a0| + z[fsmnbmbn *)aO - JszOnbn (643')

a, |2 )b, — K ,0a, (64b)

N
bm = _JZ (5mn ﬂsn + Qsmn + Zlmnplbpbl * + ]sﬁnn
n pl

where ay and {b,} are the fibre and slab modal amplitudes in the total-field expansion, the
prime sign ' represent the first derivative with respect to the propagation distance z, {fv, Ono,
Kpn} and {Bin, Owmn, Ksmo} are the propagation constants, self- and cross-coupling coupling
coefficients of the fibre and slab, respectively. The coupling coefficients under case when the
coupler is under complete linear operating region, consisting of a circular fibre and a planar
slab waveguide are given in the Appendix. Their full and detailed derivations can be found in
Refs. [15, 16]. Whilst {Zm, Lunpi}s {Lgmn, Lmn} are the additional fibre and slab coupling

coefficients corresponding to the self- and cross-phase modulations, respectively, defined as

k’ K’ k’
IfD = P IAoo n2F04dA: Imnpl = P IAoo n2SmSnSpSldA: ]fsmn =

S0 s S0

[ar 12F5°S,S,dA

2
and L= % (a0 15F2S,S,,dA (65)

N

where k = 27/ is the free-space wave number, 7, is the nonlinear coefficient as defined in
(63), Fpand {S,} are the fundamental fibre mode and the slab mode of transverse order #,
respectively. Note that 7 is generally a cross-sectional distribution of nonlinear coefficients
of the cores and claddings, i.e. n, = {nz,, ns, Nz, nz} and, therefore, it should remain as a part
of the integrand as in (65), rather than be taken out of the integral[3]. In (64), the third and
fourth terms in the right-hand side are the dominant additional nonlinear terms representing
the self- and cross-phase modulation effects, respectively, whilst the nonlinear modulation on

the coupling coefficients and nonlinear coupling at high intensity are assumed negligible!" *.
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3.2 Coupling Coefficients

We consider, for simplicity, the case that only the overlay of the slab is a Kerr-like nonlinear
medium. In order to obtain an analytical solution of the integrals of the above-defined
nonlinear coupling coefficients, further approximations can be made. Firstly, from the
definition (63) and (65), the cross-phase modulation terms can be ignored in comparison with
the self-phase modulation terms, because the field-overlap terms of the evanescent fields
between the two guides are generally smaller than the mode-power terms. That is, the fourth
terms on the right-hand side of (64) are small compared to the third terms. Secondly, from the
above defined nonlinear index distribution and the notation of (63), we have n, = {n,, 0, 0,
0}. Therefore, the integral of the first term of (65) is carried out in the cross-section area of
the slab-overlay cladding only (i.e./s. — [a.) and, because the integrand is then composed of
very weak evanescent field (i.e. the tails of the field extending into the slab overlay) of the

fibre mode, the integral 7, can be neglected in comparison with the propagation constant Sy

and the self-coupling coefficient Qpp, 1.e. the first and second terms on the right-hand side of
the first term of (65). The nonlinear self-modulation coefficient /,,,,, can therefore be obtained

as:

(1) For the above nonlinear-index distribution, 7,,,, of (65) becomes

kZ

Loy = 513,0,548,5,8,4 (66)

mnpl m=n~p

(i)  For the slab overlay, the scalar mode field is given by

L= e eos(a) (67)

N

S

n

(111)  Substituting (67) into (66), the exact solution of /,,,, can be expressed as
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a,Dk’ N k.t
I —=—2 (—=) S sy +O no T O miniring F O
1D 4V (m+n—p-1),0 (m+n+p—I1+1),0 (m+n—p+i+1),0 (m—n+p+I+1),0
7/0 S0
+5(m—n—p—1—1),() + 5(m—n+p—l),() + 5(m—n—p+l),()} (68)

3.3 Optical power tuning operations of the nonlinear asymmetric couplers

Numerical calculations have been carried out using practical parameters at a light wavelength
A = 1.55 um, with fibre radius a = 2.5 xm, slab thickness ¢t = 3 xm, refractive index of the
fibre cladding n. = 1.46, ny = 1.4745, and the distance between the fibre and the slab s = 0.5

um. The typical value of the self-focusing, nonlinear refractive index n3; = 1 0° m>w ¢ is
used and n,, = cgon(,zn 310 can be obtained, where n, is the slab-overlay index of refraction,

whilst ¢ and & are the free-space light speed and dielectric constant, respectively.

Initially, the lightwave is launched (with unit power) into the fibre to excite its fundamental
mode. Figure 2 shows that, when the core index of refraction of the fibre is greater than that
of the slab, i.e. ny = 1.4817 > n, =1.4745, (the fibre mode is out of phase with those of the slab
transverse modes) the nonlinear effect is mainly displayed in the form of phase shift. The
launched power largely remains in the fibre whilst a small amount couples back and forth
between the fibre and the slab with an extended beat length (as a result of the nonlinear phase

modulation of the guided modes).

When the fibre-core index of refraction is reduced to ny = 1.4756 (greater than ny =1.4745,
although the coupler is getting close to a phase match), Figure 3 demonstrates the interesting
nonlinearity-assisted coupling which transfers up to a possible /00% of the total power from
the fibre to the slab. However, it appears that the exact amount of power transferred depends
on the interaction (i.e. total coupling) length of the coupler due to the slow oscillation of the

power between the two guides.
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Figure 3. Propagation of |ay(z)|". ne= 14817, ny =1.4745, n. = 1.40 : (1) scalar CMT

without nonlinearity; (2) scalar CMT with nonlinearity —this work.

When the core refractive indices become equal, i.e. ny = ny, =1.4745, the coupler is almost
exactly phase-matched (i.e. By = f) and Figures 5 and 6 further indicate the nonlinearity-
assisted coupling, with a nearly complete power transfer in this case. The above phenomenon
of optically-enhanced coupling may be explained by the phase-detuning effect!'! due to the
nonlinear phase modulation. The phase modulation is optically induced, initially starting in
the fibre (the launching guide) and moves into the slab as the light is gradually coupled from
the fibre to the slab. Here the slab self-phase modulation (67) is the contributing factor to the

enhanced, phase-matched coupling, which drives the coupler to the state of a full power

transfer (in analogy to the crossed state of a two-mode coupler).
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Figure 4. Propagation of |ay(z))". nr= 14756, ny =1.4745, n. = 1.40 : (1) scalar CMT

without nonlinearity; (2) scalar CMT with nonlinearity — this work.

Finally, when the fibre-core refractive index becomes smaller than that of the slab, i.e. ny=
1.4709 < ng =1.4745, the fibre mode is phase-matched with one of the slab transverse modes
(i.e. at the absence of the nonlinear effect). As a result, the nonlinearity does not seem to

significantly assist the coupling in terms of the power transfer, if at all. Instead, it alters the

power-beating properties, such as the beat length and the amplitudes of the power oscillation,
through the nonlinear phase self-modulation.
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Figure 5. Propagation of |ay(z)|". ne= 14745 ny, =1.4745, n. = 1.40 : (1) scalar CMT

without nonlinearity; (2) scalar CMT with nonlinearity — this work.
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Figure 6. Propagation of |ay(z)|’. ne= 14709, ny =1.4745, n. = 1.40: (1) scalar CMT

without nonlinearity (2) scalar CMT with nonlinearity — this work.
4 Concluding remarks

A unified theoretical analysis has been developed and described for nonlinear asymmetric
optical couplers utilising the scalar CMT whilst treating the effect of Kerr-like nonlinearity as
a perturbation on the index-profile of the whole coupler structure. The most general cases (i.e.
including the nonlinear guided-modes and power-nonorthogonality) are considered and full,
power-conserved and nonorthogonal coupled-mode equations in the power parameters are
proposed and analytically solved. Without losing simplicity (e.g. the format of the simplified
analysis), the new formulations and solutions generalise the previous results'**® with all the
coupling coefficients and constants updated to include the mode-nonorthogonality (i.e. the

filed-overlap effects) ignored previously.

This generalised analysis would find immediate application in the design and analysis of

optical nonlinear guided two-mode coupler system, especially for the cases of weak guidance
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and weak to moderate nonlinear couplings. A simplified, scalar coupled-mode analysis is
presented to demonstrate the essential nonlinear effects on the optical composite fibre-slab
guided-wave couplers. A simple, numerical example is used to demonstrate some interesting
nonlinear coupling features that are quite similar to those of the grating-assisted coupling in a
fibre-slab coupler which would be described in another article. When the parameters of the
coupler are such that there is no phase synchronism between the fibre and the slab modes, the
nonlinear phase-modulation comes into play and it assists coupling, resulting in up to a total
power transfer from the fibre to the slab. However, when there is a phase synchronism
between the two sets of guided modes, the effects of the Kerr-like nonlinearity seems greatly
reduced and displayed as some minor changes to the small power beating on the power-decay

curve.

Based on the above nonlinearity-assisted coupling feature we can propose an all-optical, in-
line fibre to slab coupler device that is easy to fabricate, considering the matured polished-
fibre or D-fibre technique. This composite fibre-slab guided-wave system may find immediate
applications in the areas of in-line fibre couplers for optical switching and sensing
technology. It may be designed to achieve the desired level of power transfer from the fibre
(in-line) to the slab waveguide through an optimised selection of the materials and launched

power.
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6 Appendix: CMEs of The Fibre-Slab Linear Coupling System

The transverse electric field in the coupled fibre and slab waveguides can be well represented

by the superposition of the guided-modes of the fibre and the slab, i.e. {F,, S, }

E(x,y,2) = ao(2)Fy(x, )+ 2b,(2)S, (%, ) (A1)

where {ao(z), b,(z)} (n=10, 1, 2, --) is a set of z-dependent expansion (excitation) coefficients

(modal amplitudes), whilst the summation is carried out over the set of discretised transverse

slab modes of the planar waveguide.

In the co-ordinate system shown in Figure 2, the dominant LPy; mode (the transverse electric

field) of the isolated fibre is given by

Mk
B Jy(k,a) B
F,=N, K,(y ,7) for . (A2)
W < r>a
K()(?/fa)

where J, and J, are the Bessel functions of the first kind, K, is the modified Bessel functions

. 7_/J0(k_/a) . .
of the second kind and N, = is the normalisation constant of the fibre mode.

T av g (k)
The parameter a denotes the fibre radius, kf2= nfzkz- By and ;722 ﬂfoz - n’k* are constants in
which k = 27/4 (4 1s the free-space light wavelength), S is the propagation constant obtained
from the LP,); mode dispersion equation” and nyand n, are the refractive indices of the fibre
12

core and cladding respectively. Vy= ka(nfz—ncz) is a dimensionless waveguide parameter

related to krand y; via

Vi=d(ki+y) (A3)
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In the same co-ordinate system (i.e. Figure 2), the nth guided transverse slab mode is obtained

in the form
Sn(xay) =
I/so eXp[Q/C(x—h)]/VSC x<a-+s
Nicos(aw) ) (cos[k. (x — h— )] (7, | k)sin[k,(x —h—)]}  for a+s<x<ats+i
exp[-y,(x —h—1)] xX>a+s+t

(A4)

where n = 0, 1, 2, -, k =27/A, ki=nk>-B2, v>=L-nlie, 7 =B -n,k, Vi=kt(ni-n>)"*/2,

1
VSOZkt(nsz-noz)” 2/2, N, =] 2y, ]? is the normalisation constant and o, is defined
(Y, *+7.+7r.y,)D

from B2 = B2 —o’ forn=0,1,2...., i.e. the transverse propagation constant of the lightwaves
travelling along the z-direction. The parameter ¢ denotes the slab thickness, s the minimum
distance between the surface of the fibre core and that of the polished flat (see Figure 1(b)), £
is the propagation constant of the slab mode, n; and n, are the refractive indices of the slab
and the overlay cladding, respectively. V. and V, are dimensionless waveguide parameters

related to &, . and y, via
Vil=CUi+y )4 and Vi =Pk +7,°)4 (A5)

The propagation constant £ of the slab guided mode of the mth order can be obtained from

the well known dispersion equation of the asymmetric planar slab waveguide
kgt-tan™ (ylks)-tan™ (y,/ks) = mz (m=0,1,2,-) (A6)

The CME are obtained when the field expansion (A1) is substituted into the wave equation of
the total field, and then the resultant equation is multiplied successively with F, and S, and

integrated over the transverse (x, y) plane whilst making use of the wave equations and
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orthogonal relations of the fibre and slab modes. Using the scalar approximations, i.e.
assuming a slowly varying envelope of the modal amplitudes and weakly coupled fibre and
slab modes, both the second-order derivatives and the field overlap integrals may be

neglected!"”! and the following first-order coupled-mode equations are derived

ao' = 5(BpotOmo)ao-j 2 K 1y, bn (A7.2)
bm' = 'JZ (5,,,,, ﬂsn+Qsmn)bn 'stm0a0 (A7b)
da, .. db

m

where a, = — b= d—'”, m,n=0,1,2,, S, is the Kronecker delta function, {Qno, Osmn}
4 Z

and {Kpn, Ksmo} are the self- and cross-coupling coefficients, respectively. They are defined

as follows
kZ
QfOO :F.[Aw [nz(xay)_n;(xay)]FoFodA (A8a)
10
kZ
O, = 2 IAw [n” (x,y)—n] (x,»)]S,,S,d4 (A8.b)
kZ
Kf()n :Fij [nz(an/)_”f(X,y)]F(;SndA (A9a)
10
k2
Kono =55 110" (o) = ()18, Fydd (A9b)

where m, n =10, 1, 2, -, dA = dxdy and A4 indicates integration over the infinite cross-section,
i.e. the entire transverse (x, y) plane, of the coupler system. From the refractive index profiles

the coupling coefficients defined above can be categorised in two ways. {Q,,0,,,} are self

coupling coefficients that represent the coupling among the fibre or slab modes due to the

presence of the other, {K,,,K,,,} are cross coupling coefficients that couple the slab modes

On>

to the fibre mode or vice versa.
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The above integrals are all solved exactly except Oy, for which a large-argument asymptotic
approximation of the modified Bessel function K, has to be used. The closed-form
expressions of the coupling coefficients are given below

7NV,

O = 25 KL erf(‘/2;/f(a+s+t))—erf(,/2}/f(a+s))+Aserfc(,/2;/f(a +5+1))]
roY g 7// »

(A.10a)

7rN KV Pl I(\/4}/C —(o,+0,) a) I(\/4}/C —(o,—0,) a)
o 8B,V \/4yc—(a +0,) a \/47/0—(0' -o0,) a

(A.10b)

aN NV ke
Ky, = [t 3 _02)[\/75 —o do(k,a)(Jri—ora)+kJ, (k) (Yr! -0, a)]

ZﬂfoaVSCJO(kfa)(k; +y. ;

(A.11a)
o AN ke el |yl ol 4y~ Byl +al —y,)e VT
sn0 = ﬂsnKo(}/fa)t }]/; +O_i kf +}/j +O‘i
ASBSe”y-Z’Mﬁt
P (A.11b)
}/() }/f O-I’t
2 2

Where _nc’ % nsz_ncz’ kt\/ s o’ 02 CZ’BSZEC’

5 Ve

N

N

functions of the first kind. In the above expressions, the new parameters A, and B, are
introduced to quantify the geometric asymmetry of index profile of the slab waveguide. For

the case involving a symmetric slab waveguide, we have 4, =0 and B, = 1.
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